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INTRODUCTION

Tur International Encyelopedia of Physical Chemistry and Chemical
Physics is a comprehensive and modern account of all aspects of the
domain of science between chemistry and physies, and is written
primarily for the graduate and research worker. The Editors-in-Chief,
Professor D. D. Ermy, Professor J. E. Maver and Professor
F. C. Tomprixs, have grouped the subject matter in some twenty
groups (General Topics), each having its own editor. The complete
work consists of about one hundred volumes, cach volume being
restricted to around two hundred pages and having a large measure of
independence. Particular importance has been given to the exposition
of the fundamental bases of each topic and to the development of the
theoretical aspects; experimental details of an essentially practical
nature are not emphasized although the theoretical background of
techniques and procedures is fully developed.

The Eneyclopedia is written throughout in English and the recom-
mendations of the International Union of Pure and Applied Chemistry
on notation and cognate matters in physical chemistry are adopted.
Abbreviations for names of journals are in accordance with The World
List of Scientific Periodicals.
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PREFACE

Tms book has heen written to explain mathematical techniques
useful in setting up and solving the ordinary differential equations met
by physical chemists. Such equations arise most commonly either
from studies of reaction rates in chemical kinetics or from separation
of variables in partial differential equations of diffusion theory or
quantum theory.

Methods of solution are introduced only if they apply to the equations
of physical chemistry; methods which are included in elementary texts
mainly because they sometimes produce exact solutions in terms of
elementary functions have been omitted.

The first four chapters deal with differential equations which
describe chemical reactions. In them I have explained the method
of setting up the equations in more detail than is usual. Chapters b
and 6 deal with the ordinary differential equations which are obtained
from partial differential equations of physical chemistry by the process
of separating variables. I have paid special attention to approximate
analytical methods, but numerical methods are not within the scope
of thig book. Full references are provided wherever further theory or
techniques may be required.

I am glad to acknowledge valuable help from Miss V. G. Bozman
and Mr. J. A. Hulse, from my colleagues Professor P. G. Ashmore,
Dr. B. A. Thrush and Dr. A. J. Stone, and especially from Dr. J. D. P,
Meldrum, who checked mathematical detail and read proofs with

great care.
E. R. L.

xi






CHAPTER 1

THE SETTING UP OF AN ORDINARY
DIFFERENTIAL EQUATION

1.1. Translation of working hypothesis into differential
equation

The scientific method may be analysed into successive steps as
follows.

(1) Collection and systematic arrangement of data, by experiment
where possible.

(2) Search for fundamental relationships hidden in the data.

(3) Setting up of working hypotheses.

(4¢) Examination of the logical consequences of the hypotheses,
both to explain known phenomena and to propose new tests.

(6) Making of the experiments proposed in (4), as tests of the
working hypotheses (3).

{8) Modification of the hypotheses in the light of the experiments (5).

Step (4) will be best achieved if the hypotheses are exact enough to
enable mathematical techniques to be brought into action. The
rigorous deductive methods of mathematics make it possible to say
that from certain hypotheses certain conelusions follow inexorably.
Moreover it will usually be possible to forecast quantitative results
which can be subjected to experimental proof or disproof and so form a
cruciel test of the working hypotheses.

Most of the working hypotheses of physics and chemistry are con-
cerned with changing quantities. We therefore need a branch of
mathematics that deals with relations between changing quantities:
this is the caleulus, A relation set up between certain quantities and
their rates of change with regard to a single independent variable will
constitute an ordinary differential equation. In most of the problems
thai we meet, this single parameter will be the #me that has elapsed
gsince a certain origin of time. We begin with elementary examples of
the setting up of a differential equation that relates a single dependent

1



2 ORDINARY DIFFERENTIAL EQUATIONS

variable to a single independent variable. Methods of solution of the
resulting equation will be treated in later chapters.

(a) The law of natural decay

Let us suppose that it is found that the amount of a certain material
is decreasing, and that the rate of decrease at a certain moment is
proportional to the amount of the material that exists at that moment
(as, for instance, in radioactive decay).

We first select our variables. Here we take the time £, measured from
a certain instant, to be the independent variable. We take & to represent
the quantity of the material (measured in convenient units), so that z
varies with ¢, and x(f) denotes the value of  at time £, Then the rate
of change of z iz dz/dt. [We have assumed that dx/d exists and is
unique. That is, we have assumed that z is a differentiable function
of t. We add a comment on this assumption later.]

Now we formulate our hypothesis in exact terms: we assume that
dx/d¢ is strictly proportional to x, and that this relation completely
determines the way in which « changes as long as ¢ lies within a certain
interval of time. Thus we write

dz = —kx for fh =t 21, (1.1.1)
dt
where k is a positive constant. (We take & positive since z is naturally
positive and we are told that the amount of material is decreasing,
which means that dx/d¢ is negative.)

We may next proceed, by methods which are described later, to find
x a8 a function of {. Since integration is involved, there will be
introduced a parameter which cannot be determined from the data
given so far. The result, which i eagily verified by substitution into (1),

18
z(f) = Aekt, (1.1.2)

where e~*f is the exponential function of (—4¢) and A4 is an arbitrary
constant.

If we now introduce further information—namely that at {; = ¢t the
quantity of material is zg-—we can select A to satisfy this requirement.
Thus

xo = Ae ¥
and
Z(t) = age—klt-to, (1.1.3)



SETTING UP AN EQUATION 3

This expression (3) satisfies both. the differential equation (1), which
describes the process during the interval ¢, £ ¢ £ t;, and the tnitial
condition that * = xg when { = i.

Consider now the graphical interpretation of our procedure. We take
¢t as abscissa and x as ordinate in a rectangular cartesian coordinate
gystem, as shown in Fig. 1.1. Then our hypothesis states that if x
can be represented as a function of ¢ by a curve [ between t = {y and
t = £, the slope of I' at any point P with abscissa f is —k times the
ordinate x at P.

\r{r)

Fia. 1.1. Curves of the family {['} representing natural decay.

There is not a unique curve with this property. In fact the relation
(2) shows that T is one of a family, which we denote by {T'}, of curves
obtained by giving all possible real values to 4 in (2). By specifying
that ¢ = 2o when { = ty we select from the family the curve that passes
through the point (¢, 20); the appropriate value of 4 is then determined
as xoefts, We may say that each point on the ordinate at #p lies on
(or determines) one member of the family {I'}. Given that point (i.c.
the value of z when ¢ = t;) and the differential equation, the subsequent
history of the system during the period #y < ¢ £ ¢; is completely
determined.

It is sometimes useful to obtain from the differential equation
general information about the behaviour of the system. Here, for
instance, we observe from (1) that, k being positive, positive values of 2
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imply negative values of dx/di—that is, all curves I above the axis of
¢t have negative slope, so that 2 gets smaller as ¢ increases. Moreover,
the absolute value of the slope is amaller for smaller . Furthermore,
if we differentiate the differential equation we have

_d(d_.’l:) = —-’Gg = kzx, (1.1.4)
de\ di

which is positive where x is positive, showing that the slope increases
ag ¢ increases. In other words, for # > 0 the eurves I' are all convex
towards the axis of . Thus we obtain, without solving the differential
equation, a general idea of the solution. Figure 1.1 shows some
members of the family {I'} obtained by graphical representation of (2)
for various values of 4. The form of these curves bears out the rough
description of the family as deduced from the differential equation
itself.

Note that although (2) may be used to define curves over the interval
—o0 < ¢ < o0, our differential equation has been set up only for the
range p < ¢ < {1, and is not to be expected to describe the behaviour
of the gystem outside that range.

{b) The law of natural growth

If a quantity is increasing at a rate proportional to the amount of
that quantity, as in population growth, we have in place of (1} the
equation of natural growth

dx
H=kx,k>0,tstst,
dt o=ttt

with solution
x = Ae¥,

The properties of this equation and its solution may be discussed in
exactly the same way as those of the law of natural decay. The reader
may show that the family {I"} of solutions has the form shown in
Fig. 1.2.

[Note on continuity and differentiability, When we deal with distances
comparable with inter-molecular distances and with time intervals
comparable with the period of vibration of a molecule, it is necessary
to take into account the essentially discontinuous nature of materials
and processes. But if we are dealing {(as is usually the case in chemistry)
with an amount of matter of linear dimensions large compared with
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inter-molecular distances, we regard it as continuous—that is, for
purposes of mathematical analysis we consider instead of the real
material an ideal material which is a eontinuum. The error thus
introduced is negligible as long as we are dealing with lengths great
compared with 10-8 em. Similarly changes may be considered as
continuous if we are dealing with intervals of time long compared with

10-13 gec.

x{#)

A
/A /
— 1 s
5 4
% 4

Fia. 1.2, Curves of family {I'’} representing natural growth.

The mathematical definitions of continuity and differentiability are
as follows:

x(t) is a continuous function of ¢ at ¢ = ¢ if, given any small positive
number & (however small),

| %) —=(t') |

can be made less than e by taking ¢ near enough to t’. z(?) is differentiable
at ¢ = ¢’ if in addition to being continuous there it has a unique value of

dz _ .o wl)—a(t)

dt gopr =1
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If we illustrate a continuous function 2{¢) by a continuous curve, then
in Fig. 1.3 curve (a) is continunous but not differentiable at # while
curve (b) is both continuous and differentiable there.]

Lits]

v

Fi1a. 1.3. (b) is differentiable at ¢’ but (a) is not,

() Linear motion about a cenfre of attraction or repulsion

Let us now suppose that the acceleration of a point which moves on
a straight line is proportional to its distance from a given origin on the
line, and that this relation is true for all time.

We use ¢ to denote the distance of the moving point P from the fixed
origin 0. Then if ¢ denotes time, the acceleration of P is d2¢/di2. We
formulate our hypothesis in the differential equation

azz
7= A, —o0 <t < o, (1.1.5)

where A is a constant. It has not been stated whether 1 is positive or
negative.

Since a curve in the (¢, £) plane corresponding to a solution & = £(¢)
of the differential equation (5) will be convex towards the f-axis for
regions where both { > 0 and A > 0, and concave towards the {-axis
for & > 0and A < 0, the sign of A must play a decisive part in determin-
ing the nature of the solutions. In fact 1 > 0 for motion about a centre
of repulsion and 4 < 0 for motion about a centre of attraction, and we
will see later {Seetion 3.2) that the form of solution differs for the two
cases,
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Here, since the differential equation contains a second derivative,
the solution will involve two integrations and therefore the introduction
of two arbitrary parameters. Conscquently the solution may be made to
satisfy two initial conditions or two other conditions. Complete
specification of the problem, so as to lead to a solution frec from
arbitrariness, must include the statement of these conditions.

(d) Damped vibrations

We consider the motion of a particle of mass m which moves on a
straight line. This particle is subject to an attractive force directed
towards a fixed origin on the line and proportional to the distance from
the origin (as by an elastic bond). It is subject also to a resistance which
is proportional to the speed. We set up the differential equation of
motion of the particle as follows.

P
- .
5 (M€ )

% £

[v)
—

A
33

Fra, 1.4, Damped vibrations.

We denote displacement from the fixed origin by & (Fig. 1.4). Using
the Newtonian fluxional notation, in which a superior dot means &
time derivative (¢ = d¢/dt), we set down the rate of change of momen-
tum as

q .
¥y {mé). (1.1.6)

We will take m to be constant, so that (8) becomes mé. {It should be
noted that in problems where the mass varies the form (6) must be
retained.] This is in the direction of increasing £. The elastic restoring
force is A in the opposite direction, and the resistance is x¢ opposing
the motion, where 4 and x are positive constants which describe the
intrinsic properties of the system. Applying Newton’s Second Law,
we write down the equation of motion

mé = —x&— AL, (1.1.7)

The range of ¢ for which equation (7) is valid has not yet been stated.
If the motion was started at time ¢y and is allowed to proceed without
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interference for an indefinitely long time, we may take the range of
applicability of (7) as #p £ ¢ < 0.

1.2. Classification of differential equations

The equations (1), (5} and (7) of Section 1.1 are elementary examples,
containing only one independent and one dependent variable and being
linear in the dependent variable and its derivatives. We formulate
definitions to cover more complicated equations. An ordinary differential
equation is one in which all derivatives have been formed with respect
to the same single independent variable. A partial differential equation
is one in which oceur derivatives with respect to more than one
independent variable. In this book we confine attention to ordinary
differential equations.

The order of a derivative is the number of times that the operation of
differentiation has been performed in obtaining it. Thus

oz L du
T A’ dim
are the derivatives of zeroth, first, second, . . . , nth order. The order of

the highest derivative in a differential equation is the order of the
equation. The power to which the highest derivative is raised is the
degree of the equation. Thus

dsz\2 /dx\3
V=) +at =), oSt st
(dﬁ) +(dt) +xd =ft), St St

is an ordinary differential equation of order 3 and degree 2. A differ-
ential equation in which each derivative (including the zeroth) occurs
in the first degree is called a linear differential equation. Linear
differentiel equations assume great importance because a first approxi-
mation to the solution of a physical problem may sometimes be found
by reducing the differential equation to linear form by neglect of higher
powers, and also because linear equations have certain properties which
simplify the mathematical theory (see Sections 5.2, 5.3).

We frequently meet sets of differential equations in which there is
one independent variable (commonly the ime) but there are several
dependent variables. These will be called sets of simultaneous ordinary
differential equations. There will be provided by the physical or chemical
laws as many simultaneous equations as there are dependent variables.
We give two examples.
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(a) Plane motion of a particle subject to gyroscopic and restoring forces

A particle P of mass m moves in the (z, y) plane under the control of
two forces F and (. F acts towards the origin and is proportional to
OP. @ acts at right angles to the velocity ¥ of P (in the sense shown in
Fig. 1.5) and is proportional to V. The force & ig of the kind that
appears to act in gyroscopic motion, and is called a gyroscopic force
(even where no spinning body is concerned). The force experienced by
an electron moving in a magnetic field is a gyroscopic force. Let OP
have length r and make an angle § with Oz, and let ¥ make an angle y

]

Fie. 1.5. Motion under elastic restoring force F and gyroscopic force G.

with Oz. Then the equations of motion of P are (by taking components
in the directions Oz and Oy):

—F cos 8 +G siny,
my = —F 8in 8 —@G cos .

“

(1.2.1)

We take F = mlr, @ = 2myV, where 1and y are constants, so that

Fecosf = m,lrf = mizx, Fsin § = miy,
7

G cosyy = 2myV cosy = 2mys, Geiny = 2myy.
Then the equations of motion (1) become
£—2y9+Ax = 0, }

1.2.2
H+2y2+ Ay = 0. ( )
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[Readers familiar with vectors will see that the equations (2) could
have been derived directly from the vectorial equation of motion

f = —r+2yF xk,

where r is the position veetor OP and k is the unit vector in the
direction Oz which forms a right-handed orthogonal triad with Oz, Oy.]

The equations {2) form a pair of simultaneous linear differential
equations of the second order with constant coefficients. They are set
up for a range of ¢ which must be specified, and if they are to determine
z(t) and y(f) uniquely we must add data sufficient to fix the four
arbitrary parameters which arise in integration. Methods of integration
are described in Chapters 3 and 4.

(b) Series of first-order chemical reactions

Consider the series of reactione in which a substance X; breaks
down according to the law of natural decay to give the substance X,
and X in turn decays to produce the substance X3 which is the end-
product. Let x1, z2, 3 denote the concentrations of X, Xg, X3 at
time ¢ after the start of the reaction, and let the rate constants be
k1, k2. Then z, is decreasing at the rate k1x). z3 increases because of
production from X;, and decreases by its own decay. z3 increases as it
is produced from X 3. Thus we can set down three equations representing
these three relations respectively:

# = —kizy,
o = +Xix1—kexa, t = £ (1.2.3)
£3 = +koza,

Here we have three simultaneous linear differential equations to
determine zy, zg, 3. We note that the first is independent of the other
two and can be solved to give x,(t) if we know the original concentration
z1(to). If we substitute the resulting function z)(f) into the second
equation we can solve that for s{t) provided we know za(fp). Finally
this zs(f) substituted into the third equation gives x3(f) provided
23(fp) is known, Thus the solution is unique if the data consist of the
equations (3) together with the starting concentrations zi(to), 2a(to),
x3(fo)-
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1.3. Initial conditions in Marching Problems
In cach of the problems discussed in Sections 1.1 and 1.2 the
differcntial equations have described the changes in the system as time
proceeded, and the data in addition to the differcntial equations have
been supplied by ¢nitial conditions, that is, by information about
quantities and rates of change at the start of the range throughout
which the differential equation or equations hold good. We now
examine further the part played by the initial conditions, starting with
examples.

Example (a). In problem (a) of Section 1.1 the equation dzjdt = —kx
was of the first order: its solution involved one integration and we
introduced one arbitrary parameter. The specification of the problem
was completed when one initial condition was stated, enabling this
parameter to be uniquely determined. We achieved this by means of
the statement that x(fp) = zo. I we had given a second condition
also, such as #(fg) = up, it would in general have been impossible to
satisfy both conditions—the problem would have been over-determined,

Erample (b). In problem (c) of Section 1.1 the equation

dz¢ _
E;é = A¢ (1.3.1)

was of second order. Solution of this equation would involve two
integrations, and to fix the two arbitrary constants thus introduced we
would need two initial conditions. These would naturally be supplied by
stating the initial position and velocity

(o) = o, &(to) = no.

In general, the nth order equation

(n)
F(t,z, &, & ...,2) =0, fp £t <1y, {1.3.2)
(n)
where &, &, ...,  represent the first, second, . .., nth derivatives of

x with regard to ¢, and F is any continuous function of its arguments,
raust be integrated » times to rid it of derivatives. Thus » constants of
integration will be introduced, and » conditions are needed to determine
their values. A natural method of specifying the initial state ia to give
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the values of the function and its first (n — 1) derivatives at time . This
was done in examples (a) and {b) above. But other initial conditions than
these might be given. To take a simple illustration, in example (b) the
initial values of £ + £ and £ — £ might be given. This would be equivalent
to the specification of ¢ and ¢ and would be equally valid, But note that
if we were to give the initial values of & + 2¢ and 2{ + 4£ the specification
would be inadequate. For if the value given for the second of these
expressions was just twice that for the first, the two conditions would be
consistent but equivalent to one condition, while if the value of the
second expression was not twice that of the first, the two would be
inconsistent. Thus the problem would be either under-determined or not
self-consistent. In the general case, any n tndependent and consistent
initial conditions will determine the problem correctly and completely.
If the conditions are consistent but not independent, the problem is
under-determined and a search must be made for one or more other
conditions to complete the determination. If the conditions are
inconsistent the problem has been wrongly posed.

Returning to example (b), we note that when the initial value of ¢
is given the differential equation fixes the initial value of £, Differ-
entiating the differential equation we obtain

ds¢ d{

L e

dss de’

and if d¢/d¢ is known so is d3¢/d¢3. Used in this way, the differential
equation determines every derivative at ¢ = g in terms of the initial
values of ¢ and &, and every coefficient is known in the expression

(ko) + (2t — o) (to) + H(E—E0)2E(t0) + . . .
1 P
ot (Gt E o)+ (1.3.3)
n.

But this is the Taylor expansion of £(t) in the neighbourhood of ¢ = .
Thus the solution is uniquely given by its Taylor expansion in the region
where the series (3) converges.

Problems for which the solution is uniquely determined by the
differential equation and the initial conditions are called marching
problems. The solution marches forward from the point #;, its behaviour
for ¢ > #p being determined from the conditions at the start.



SETTING UP AN EQUATION 13

1.4. More general boundary conditions; fully determined
problems

So far we have used { as independent variable, and have very
naturally considered problems in which the data additional to the
differential equations have been supplied by initial conditions. But we
shall meet problems in which the independent variable is not time, but a
length or an angle or some other parameter. Then it will be seen that
the appropriate additional conditions may not all apply at one value of
the independent variable. To emphasize the increased generality thus
envisaged, we here follow the general usage and employ z as independent
variable and y as dependent variable. We discuss the nth order equation

Fla, v, ¢",..,y®) =0, 29 £ x £ 21, (1.4.1)

where ¥, 4", ..., ¥'® are the first, second, . .., nth derivatives of y
with respect to x, and F may be any continnons function of its argu-
ments.

A solution or primitive of the equation {1} is any relation

¥ =fl@), vo £x L2y, (1.4.2)

free from derivatives of y. Since such a relation must in effect be
the result of integrating the equation (1) » times we see that, if we have
used no other information than that given in the differential equation,
our solution will contain z constants of integration, that is, » parameters
which may be fixed to satisfy # further conditions. Let us write the
general solution, in which these arbitrary parameters appear, as

¥ = f(z! @y, Az, . . oy ﬂ'-u)- (14‘3)

This solution is said to have n degrees of freedom. If we want to obtain
y as an exact function of z free from arbitrariness, we must specify

enough further conditions to determine ay, ag, ..., as. In general n
conditions will be needed. They may be any conditions which engender
relationships between the parameters ay, ag, ..., G, but with few

exceptions they refer to one or both of the end-points xg, z1 of the region
of validity of the differential equation, and not to any intermediate
point. They are consequently called boundary conditions. Initial con-
ditions are now seen to form one restricted type of boundary conditions
in which all dats refer to the beginning zq of the range.

With our previous examples in mind, we must stipulate that the
conditions provided for the fixing of the parameters a;, ag, ..., ¢q
must be independent and consistent.
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[The mathematician is concerned first with the question “Under what
conditions does the differential equation (1) possess any solution ¢’ and
much of the pure mathematicians’ study of differential equations is
concerned with existence theorems which establish with rigour the
conditions which must be imposed on F in order that the equation may
be soluble. The applied mathematician is usually prepared to take it
for granted that a problem arising from physics or chemistry and
correctly set up will possess one and only one solution: he is mainly
concerned with methods of obtaining that solution. The conditions
which must be obeyed by the function F, if there is to exist & unique
solution of the equation (1) with appropriate boundary conditions, are
discussed by J. C. Burkill! and E. L. Ince.2]

Problems in which the boundary conditions are imposed at both ends
of the range are called jury problems. Since the conditions at the first
end-point do not determine the problem completely, solutions of the
differential equation which satisfy those conditions will retain one or
more degrees of freedom. The boundary conditions at the second
end-point will select from all those solutions the one that satisfies all
the data: hence the name.

We now give examples of jury probiems.

(a) Equilibrium of a cylindrical film of small curvature. Consider the
surface S of separation between two liquids that do not mix. It is
found by experiment that equilibrium can exist when there is a differ-
ence of pressure on the two sides of the surface 8, provided the surface
itself is curved. This we explain in terms of a physical hypothesis,
namely that the surface of separation acts like a skin or membrane
under tension. We assume further that this state of tension is such that
if we describe a curve I' on the surface 8, then the molecules of the
surface on one side of T" exert on those on the other side of I" forces
whose resultant across an element 83 of T is a force 7'9s, where T is a
constant, The direction of the force T'8s is normal to ds and in the
tangent plane to S containing ds. This hypothesis is illustrated in Fig.
1.6(a).

For simplicity we consider a cylindrical surface of separation, the
pressure on the side {1) exceeding that on the side (2) by . Conditions
are agsumed to be identical in every plane section perpendicular to the
generators of the cylinder S, and the problem is reduced from one in
three dimensions to one in two dimensions. Figure 1.6(b) shows one
plane section: C is the curve of intersection of S with the plane. We
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take axes Ox, Oy in this plane, and an axis Oz forming with them a
right-handed triad. Oz is then parallel to the generators of 8. Let P,
with coordinates (x, %, 0), be a point on C, and Q, with coordinates
(% + 6z, y + Sy, 0), a nearby point on C. Let the tangent to C at P make
an angle ¢ with Oz, as shown in Fig, 1.6(b).

Fig. 1.6. Surface tension on a surface of separation.

We examine the equilibrium of a strip of 8 which stands on the
element PQ as base and extends for unit distance along generators of 8
to the element P'Q’ (parallel and congruent to PQ). Figure 1.6(¢) shows
this strip. For equilibrinum it is necessary that the forces acting on the
strip have zero resultant: thus the components of their resultant in the
directions Oz, Oy, Oz must vanish. The force across PQ due to surface
tension is 7'8s parallel to Oz (where 85 is the length of the arc PQ). This
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is balanced by the force 7'ds in the opposite direction across P’'Q’. There
are no other forces parallel to Oz. We have therefore to set down the
condition that the forces of surface tension across PP’ and QQ’ are in
equilibrium with the force due to pressure-difference. By symmetry
the resultants of these three will act in the plane of mid-section of the
strip, where the geometry is identical with that in the plane z = 0.

We now take PQ so small that the pressure-difference p may to a
sufficient approximation be regarded as constant over PQ. Then by
elementary hydrostatics the pressure-difference across PQ gives forces
—pdy and pdz parallel to Ox and Oy respectively. The surface tension
across PP’ (which is of unit length) gives a force 7' with components
(=T cos y, —T siny). Since QQ’ has abscissa z + dz, the corresponding
components of surface tension across QQ’ are api)roximately

{T cos Y -{-i (T cos y)ox, T siny +i (7" sin ¢)6z} ;
dx dx
[We have here in each case the first two terms of the Taylor expansion
fla+sa) = o) +{ o oo+ 4 { o] e+
= dz o .
Since we are going to take the limit as 5z — 0, it is enough here to retain
only terms up to the first order in dz.]

Writing éy = (dy/dz)éx = tany éz, and equating to zero the sum of
components parallel to Oz, we have

—T cosy+T cos¢+d£z (T cos y)éx —p tan yy éx = 0,
ie.

(;i_x(T cosy)—p tany = 0. (1.4.4)
Similarly for components parallel to Oy,
i (T'siny)+p = 0. (1.4.5)
dx
Since we have assumed that 7' is uniform these both reduce to

cos %Jr% =0, (1.4.6)
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Now
dy
tany = —=,
an y e
so that
2
sec2 o = &y ;
de  da?
and
dy d2%y
coslﬁd—x = e cos3 Y

If we now assume that ¢ is everywhere small, siny will be approxi-
mately equal to ¥, and cos3y, being (1 — sin2y)! = 1—§sin2y, is
approximately equal to unity. Then the equation (6) becomes

d% »
= s = 0 (1.4.7)

[The reason both components give the same equation (6) is simple.
The resultant force due to surface tension must balance the resultant
force due to pressure. This is an equality between two vectors. It will
lead to the same equation whether we take components of the vectors
parallel to Oz or parallel to Oy. If we had resolved along the normal at
the midpoint of PQ we would have obtained the same relation in the
simple (intrinsic) equation p = T'dy/ds.]

If p is uniform, the equation (7) is of very simple type and integration
is immediate, but if p is a function of z and y integration is in general
not straightforward and the differential equation must be subjected to
detailed study. Since the equation is in any case of second order, two
boundary conditions will complete the specification. We might for
instance have given end-points (0, 0) and (I, 0). But we might have
given slope, e.g. dy/dx = tan a at = 0: this would happen if we knew
the angle of contact of the surface of separation at a wall, but the point
of contact was to be calculated.

Note that the differential equation (7) was obtained after we had
made two assumptions, one a physical hypothesis about the mechanism
of surface tension, and the other a mathematical hypothesis aimed at
simplification of the analysis. The differential equation therefore
represents the physical situation provided (a) the surface of separation
does in fact act as a membrane with uniform tension 7', and (b) the
&lgpe is everywhere small enough for the square of the slope to be

o lyggggs T

Lo 24612

R e
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(b) Steady laminar viscous flow under a wniform pressure-gradient.
An incompressible viscous liguid flows steadily between parallel plane
boundaries under a uniform pressure-gradient parallel to the boundaries.
We set up the differential equation of flow. Let us take an origin on one
of the bounding planes, and axes such that these planes are y = 0,
y = h, and the pressure-gradient is parallel to Oz. Oz completes the
right-handed orthogonal triad. Since there is no stress to cause flow in
the direction Oz, 0/0z = 0 and the problem is two-dimensional. We
therefore consider flow of the liquid between the planes z = 0 and
2 = 1. Since no point on the z-axis differs from any other with respect
to the flow-pattern, there is no variation of pattern with z and 3/0z = 0.
Then the velocity (u, », 0) at the point (z, y, 0) must depend on ¥ only.

4
I
BN
| \\ m g—;-l-gqy—(#:*;)Sy] S5x
| —_————re e
: \\ (p +5';e' 3y Oy
| / 4y O
| e
L7
i
17 X

Fra. 1.7,

Two principles {or natural laws) are immediately available, without
any further hypothesis about viscous flow—the law of conservation of
mass and Newton’s second law of motion. The first shows that » must
be zero. For the net flow into any cylinder parallel to Oy must be zero,
and therefore the component » of velocity must be the same for all y.
But » = 0 at ¥ = 0, ¥y = % and therefore v = 0 for all . Secondly,
since the motion is steady the net force on any element of the liguid is
zero. This force is partly due to the pressure-gradient and partly due to
viscosity. We must therefore introduce at this point our hypotheses
about the nature of viscous flow. This hypothesis is an exact formulation
of the intuitive concept of viscous drag. Consider a small plane element
parallel to y = 0 and hence parallel to the lines of flow. Then we assume
that the liquid on the side of this element away from the origin exerts
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on the liquid on the side ncarer to the origin a tangential stress (force
per unit area},

du
H-—=—,
dy

where g is a constant, the viscosity.

Now we are able to set down the condition that the net force on an
element of the liquid is zero. Let the element be rectangular in cross-
scetion, with sides dx, dy as shown in Fig. 1.7: then the components
of force on the faces of the element are as shown, and their sum vanishes.
Thus

de df du du dp
b p—oytsz— p— sx+pdy—(p+— 6z )5y = 0.
{ﬂdy+dy(ﬂdy) y} * de TPy (P+dx x) Y

Here we have retained only the first-order terms in the Taylor expan-
sions of udu/dy and p. Hence when 82 — 0, dy » 0 we find, in the

limit
4,8
dy\ dy/ d=x

We now take the pressure-gradient to be uniform, and (if pressure
decreases as x increases) we put

_
dx

where @ is a positive constant. So, p being constant,

2
d2u G:O

dy2 " x

This is the required differential equation. We have next to consider
boundary conditions. Here we introduce a second assumption about
the nature of viscous flow, namely that the tangential velocity of the
liquid at a solid boundary is zero. The liquid ‘‘sticks to the bounding
surface”. In our problem,

=0 wheny =0,y =h.

Thus we have two boundary conditions and the problem is stated in
complete form.
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The differential equation is easily integrated. If we incorporate the
boundary conditions we obtain

(&
U

g0 that the velocity distribution is parabolic. Its form is shown by the
broken line in Fig. 1.7.

Stmultaneous ordinary differential equations

If a problem leads to simultaneous ordinary differential equations (as
in examples (a) and (b) of Section 1.2) the number of boundary con-
ditions needed for complete specification may again be discovered by
counting up the number of integrations needed. For example, the set

i = my
§ = nw

needs four boundary conditions. Note that we must nof argue as
follows: “By substitution,

r = mnz,

and the general solution for x(f) contains four arbitrary constants.
Similarly
y = mny,

and y(t} contains four arbitrary constants, making eight in all.” In
fact, if we first solve for z(t), then y(¢) = (1/m)&?) gives y(f) in terms of
the same four constants as z{f). No more may be introduced.

1.5. Choice of key variables and relations; simplification of
problems

The mathematical formulation of a problem inevitably involves
simplification. It will be necessary to modify the hypotheses until the
problem comes within the scope of available techniques of analysis, or at
least; within the range of attack by numerical computation. This will
mean that the mathematical theory or the numerical result does not
apply strictly to the real problem, but only to the ideal problem which
corresponds to the hypotheses adopted. The mathematician usually
prefers to start by considering a problem in its simplest form. He then
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proceeds to extend the range of application of his work by successive
modification of the hypotheses to attain greater generality.

Consider for example the steady diffusion of one fluid into another
along a uniform pipe which connects one reservoir with another. We
first formulate the problem in the simplest way, noting carefully what
assumptions are made. We suppose

(a) that the matcerial in which diffusion occurs is isotropic (i.e. having
the same physical properties in all directions from a point) and
homogeneous (i.e. having the same physical constants at all
points),

(b) that no chemical changes occur,

(c) that the diffusion is isothermal (i.e. taking place at a constant
uniform temperature),

{(d) that diffusion takes place parallel to the axis of the pipe in such a
way that the concentration is always uniform across any cross-
section.

We note that (a) and (b) simply restrict the type of materials to
which our theory will apply, but (¢) and {d) are hypotheses, about the
actual process of diffusion, which are not immediately obvious and will
only be justified by success. That is, we will only know whether the
changes are isothermal by comparing results obtained on this assump-
tion with experiment. Assumption (d) is very unlikely to be exactly
true and depends on the boundary conditions and the scale of the
problem. It may for instance be true for slow diffusion through a
wide pipe but not for rapid diffusion through a narrow pipe.

In such problems we commonly need a physical hypothesis concerning
the mechanism governing flow. Here we make it in the form

{e} that there is a direct proportionality between the local gradient.of

concentration and the rate of transfer.

Finally, we make an assumption concerning the continuity and
conservation of the quantity under discussion. In this case it is

(f) that the total net rate of flow of the diffusing material into a

given fixed volume of space is equal to the total net rate of change
of the amount of that material within the volume.

If we were to consider diffusion varying with time, we would have two
independent variables (time, and distance along the pipe) leading to the
introduction of partial derivatives and a partial differential equation.
c
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So for the present, in order to set up the simplest differential equation,
we restrict consideration to a state of steady flow, in which there is no
variation with time (8/é¢ = 0).

We measure z from a fixed point in the pipe, and consider the
volume bounded by cross-sections at x and x + dx. Denote the area of
cross-section of the pipe by A, the local concentration of the diffusing
fluid by ¢(x), and the rate of transfer of diffusing fluid across unit area
of cross-section by F(z). Assumption (e) states

Flz) = —Dﬂ. (1.5.1)
dz

where D is the diffusion constant. Assumption (f), applied to steady
flow, gives

F(x)d = Flxz+ox)A, (1.5.2)
and, in the limit when éx — 0,

o
dx

i(D ﬁ) _ o,
dx dx

and by hypothesis (a) this is

Hence

d%c/dx? = 0. (1.5.3)
This simple equation has the general solution

¢ = Bx+E, (1.5.4)
where B, £ are constants which will be fixed by the boundary conditions.

For instance, if the pipe connects a large reservoir of concentration co
at xg with another of concentration ¢; at z;, we obtain
T —Zo

¢ = ¢co+(c1—¢p) , (1.5.6}
X1 —g

where we have assumed the reservoir so large that ¢y and ¢ are
effectively constant. Here the problem is extremely elementary and the
reader could probably have written down equation (5) immediately by
inspection. But nevertheless the argument which has been set down at
some length has a double value. First, it brings out explicitly the various
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assumptions that have been made. Sccondly, and following from this,
it opens the way for an attack on harder problems. For instance, if we
keep our assumptions except for (d), which makes the problem one-
dimensional, then we need a form of (e) {relation between rate of
transfer and concentration gradient) which is suitable for two- and three-
dimensional problems. This is, in cartesian coordinates,

]
ox
a

Fy=-DZ, 4 ( 1.5.6)
oy

F,=-p%,
dz

where Fy, Fy, F, are the components of the rate of transfer F. (Readers
familiar with vectors will recognize the equations (6) as the expression
in cartesian coordinates of the general vector relation

F = —Dgradec)

Just as the one-dimensional equation {1) has been generalized to give
the three-dimensional form (6), so we must generalize the one-
dimensional equation of continuity (2) to its three-dimensional equi-
valent. We must state in an equation the principle that in the steady
gtate the net transfer into a rectangular box of edges éz, dy, &2 is zero.
Thus

Fdydz— {Fxéyéz +a£ (Fxéyéz)éx}
2z
d
+ Fydzde — {Fyézéx +(—3—— (Fyézéx)éy}
Y

0
+ Fpoxby — {Fzé.réy + % (Fgéxéy)éz}
2

+ higher order terms = 0.

Dividing by dSzéydz and proceeding to the limit as éx — 0, dy — 0,
8z — 0 we obtain
doF, N oFy, oF,

= 0. (1.5.7)
der Oy iz
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(This is the cartesian expression of the general vector equation
divF = 0.)

Combining (6) and (7) we get

E(D @)+£(D E‘E)J,E(D @) -0, (158
dx\ dx/ dy\ oy 0z\ 0z

a partial differential equation which is far from trivial. [The corre-
sponding more general vector equation is

div (D grad ¢) = 0.]

When D is constant, it can be cancelled from (8). But if the material
is isotropic but not homogeneous (8o that assumption {a} is modified)
we must regard D as a function of position and retain it in (8).

A further generalization of the problem may be obtained by abandon-
ing the assumption of isotropy. In a crystal, for instance, the value of
D will depend on the direction of flow relative to the axes of the erystal.
Whereas in an isotropic body the direction of transfer ig the same as that
of the gradient of concentration, in an anisotropic body these directions
differ in a way characteristic of the particular type of anisotropy. We
write

-

de dc dc
—F; = Dy =+ Dy —4+Dyg—,
z 11 oz 12 ay+ 18 52
—Fy = Dy Dy Xip, %, | (1.5.9)
oy o2
dc de
-F, =D3; —+D3gs—+D3z—.
i 0z

Here the array {Dy}, ¢ = 1,2, 3,5 = 1, 2, 3 characterizes the material.
When the components of ¥ from (9) are substituted into (7) we obtain
the differential equation governing steady flow.

The relations (1), (6) and (9) are all linear—that is, components of F
and grad ¢ occur in the first degree only. This is an approximation to
the true physical relation, holding only for & limited range of the vari-
ables concerned. If we wish to include in our theory conditions outside
that range we must abandon the assumption of linearity.

Further generalizations of the theory could be obtained by allowing
for non-steady flow, chemical reactions and thermodynamic effects,
thus modifying assumptions (b) and (c).
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In the above example we have shown how a particular problem may
be formulated first in a very simple form, and how by successive
modifications of the hypotheses more complicated and realistic problems
may be treated. The solution at cach stage advances from the previous
one, and may often be tested by checking whether it reduces to the
previous one when restrictions are re-introduced. The method is
general, and enables the scientist to introduce gradually mathematical
techniques of increasing difficulty. It also ensures that the mathe-
matical formulation is closely related to the physical hypotheses at each
gtage: the scientist’s intuition is then able to act as a check on mathe-
matical solutions and to help to provide detailed interpretations of the
mathematical equations and resulting formulae.

1.6. General survey of methods of solution

Let us suppose that we have been able to set up an ordinary differ-
ential equation describing the behaviour of a certain material system;
simplifications and approximations will have been introduced, and if not
justified at leagt brought into the open. We suppose further that the
boundary econditions of the system have been correctly specified, so that
the mathematical problem is uniquely determined. We now embark
on the search for the solution. Various possibilities arise: we list
methods in order, starting from those which are mathematically most
complete and finishing with those purely numerical methods which
cannot afford much analytical insight but which may nevertheless
provide the quantitative estimates that practical applications demand.

{a) There may exist an exact solution in closed form (that is, given
by a formule which does not involve an infinite series or an infinite
process), or it may be possible to transform the equation into one with
such a solution. Chapters 2, 3 and 4 deal with some of the equations for
which this is true.

(b) It may be possible to use an integral transform technique,
reducing the problem to a search through tables of transforms or to the
evaluation of an integral. Chapter 4 introduces briefly the Laplace
transform, which is the transform of most use in solving ordinary
differential equations.

{¢) There may be no solution in closed form in terms of known
functions (such as hyperbolic functions, Bessel functions, error
functions}), but the equation may be taken (with its boundary conditions)
to define a new function, the properties of which can be explored and
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catalogued by discussion of the differential equation. Many of the
functions which, since they have been tabulated and much studied, are
now regarded as “‘known functions” were first introduced ag solutions
of differential equations.

(d} If no solution exists in terms of known functions, it may be
possible to derive an infinite series (either convergent or asymptotic)
to represent the solution (see Sectione 5.3, 6.1).

{e) Alternatively, it may be possible to find an iterative method
such that the function derived at each iteration is a better approxi-
mation than that obtained at the previous step (see Section 6.4).

(f) If all of the above methods fail, and no hope is entertained of
finding a closed expression or an infinite series to represent the true
solution, recourse may be had to variational methods. The solving of the
equation is replaced by the search for the function that minimizes a
certain integral. Instead of the correct function we may set out to
find that combination of elementary functions satisfying the boundary
conditions which makes the integral smallest. The combination thus
found will represent the true solution as well ag can be done when choice
is restricted to that set of elementary functions (see Section 6.7).

{(2) The method of (f) may be inapplicable, and direct recourse to
numerical methods may be needed. Then all of the parameters that
oceur in the problem must be given numerical values and either the
differential equation replaced by difference equations or the process of
integration replaced by summation (see Section 6.9).

(h) It is sometimes possible to find a second chemical or physical
system which leads to the same differential equation and boundary
conditions. The second system (for example a system of electronic
circuits) may be used as an analogus if the dependent variable, that is,
the unknown funetion in the first system, ean be found by measurement
or exhibited directly (as on an oscilloscope) in the second system.

1.7. Discussion of ordinary differential equations by classes

It is to be expected that differential equations of low order and low
degree will have been found most amenable to solution and will have
been most studied. We here list these classes, with references to the
sections of this book or of other books where methods of solution are
given. Equations of little interest in physical chemistry will not be
treated in this book.



SETTING UP AN EQUATION 27

(1) First order, first degree
(a) variables separable {Chapter 2)
{b) variables separable after substitution

(Examples at end of Chapter 2)
Ince.2 Chapter 2

{¢) Solution by iteration (Section 6.1)
(d) Graphical method (Section 6.1)
{(e) Numerical methods (Section 6.4)
(f) The linear equation
dx
dt
(2) First order, higher degree
McLachlan.3
(3) Second order
(a) Linear equations with constant coefficients

d2z dx

+p(t)x = f(t) (Section 5.2).

@-Hx = +bz = f(t) (Chapters 3, 4)
(b) Linear equations with variable coefficients
d2z

dx
Ez'z”’(” -(E-;-q(t)a: = f{¢t} (Chapter 5)

(c) Non-linear equations
McLachlan.3
(4) Higher order
(a) Linear equations with constant coefficients (Chapter 4)

b) Linear equations with variable coefficients
q
Ince.2 Chapter 5.

Two books are recommended ag dictionaries of differential equations;
in these books will be found extensive lists of equations of which the
solutions are available.

Kamke, E.:4 Differentialgleichungen, Losungsmethoden und Losungen,

Vol. 1: Gewohnliche Differentialgleichungen. (In German,)
Murphy, G. M.:5 Ordinary Differential Equations and thetr Solutions.

Kamke catalogues over a thousand differential equations with their
golutions and references to books or articles where the solutions are
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derived. Murphy’s book lists 2315 equations, with indexes and cross-
references. A reader who on meeting a particular ordinary differential
equation wishes first to see whether a standard solution exists should
consult one of these two books.
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Exercises

1.1. A test tube contains liquid and, above the liquid, a mixture of vapour and
air. The vapour diffuses upward, from saturation vapour pressure at the surface
of the liquid to zero vapour pressure at the top of the tube where a current of
air blows past. Set up the differential eguation for vapour pressure as a function
of position in the tube, with the boundary conditions, State explicitly the
agsumptions on which the equation is derived.

1.2, Viseous liquid flows in & cylindrical pipe of radius R, under a pressure
gradient &¢. Taking distance from the axis of the pipe as #, obtain the differential
equation of flow in the form:

dv 1dv @

—4-—+—=0, 0L R.

dr9+ r dr+ m sr<
[Note that here it is necessary to consider an element bounded by radii which
include an angle 8# and by circular segments of radii r and r+ 8r. The foree
acroas the inner arc being

X 50
#5780

that across the outer arc is

2] 2
P afﬁﬂ-kg(p ?—;: raa) dr.]

1.3. A simple circuit containg condenser of capacity O, resistance R, coil of
gelf-inductance L and battery of electromotive force E{t). Obtain the differential
equation satisfied by the current in the eircuit, and imtial conditions when it is
switched on. Formulate explicitly the assumptions that have been made.

1.4. It is assumed that when an elastic beam is slightly bent, so that a point
on the central axis of the beam at distance  from one end is displaced through
distance ¥, the bending moment at x is M = B{d2%/dz2), where B is a constant
{the flexural rigidity}. Prove that if the beam is subjected to a non-uniform load
w{x) the equation of equilibrium iz d2M/d=2 = w(x), and hence that the shape
of the distorted axis is given by the solution of

dty

@ = w(x),
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with appropriate boundary conditions. X¥ind the boundary conditions at (a)
a supported unclamped end, (b) a clamped end, (c) a free end.

1.5. A unimolecular reaction is followed by a bimolecular reaction. In the
first material A decays according to the law of natural decay to form B. B reacts
with C at & rate proportional to the produect of the concentrations of B and C.
With a suitable choico of variables and constants obtain the differential equations
of the process:

d$1

ol S R

de 1%

dz

'Et_z = kyxy — kaxawa,
dxg

T kowoxs.

State clearly the assumptions made, and formulate suitable initial conditions.

1.6. A charged particle of mass m and charge g moves in an clectromagnetic
field where the clectric intensity at any point is E and the magnetic intensity H.
Assuming that the force exerted on the particle due to the magnetic field is equal
to {gfe) vxH, where v is the velocity of the particle and X denotes the vector
product, show that the equation of motion of the particle is

d g
— =gE 4= H.
dtmv q +cv)<

Taking rectangular cartesian coordinate axes, write out the three components
of this equation.,



CHAPTER 2

ORDINARY DIFFERENTIAL EQUATIONS OF THE
FIRST ORDER WHICH ARE SEPARABLE OR EXACT

2.1. Separable equations

The differential equations which represent simple chemical reactions
are very often of the kind called separable. A separable equation is one
that can be rearranged to bring the independent variable and its
differential to one side of the equation and the dependent variable with
its differential to the other. Thus the equation

d

= f@at), (2.1.1)
Z

where f(z) is a given function of z only, and g{y) of y only, ean be written
as

d

—L = flda,

9

and if y = yp when x = xo we have

¥ x

&=I dx 2.1.2
J.g(y) Sz)dz. (2.1.2)
¥o

Zo

When an equation like (2) has been obtained, the problem is said to have
been “reduced to quadrature’, i.e. reduced to straightforward inte-
gration. The differential equation is then regarded as solved, since
methods of exact or approximate evaluation of integrals are available.
Methods of exact evaluation of those indefinite integrals which can be
evaluated in closed form (i.e. in a finite number of terms) are given in
standard texts on calculus such as

Gillespie, R. P., Integration,!

Stewart, C. A., Advenced Calculus.?

30
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A very useful list of formulae for evaluation of common integrals is
given in
Peirce, B. O., 4 Short Tuble of Integrals.?
The following book also contains a list of useful integrals:
Handbook of Chemistry and Physics.4
Numerical methods of integration are explained in
Hartree, D. R., Numerical Analysis,®
Buckingham, R. A., Numerical Methods.8

Equations separable after transformation

In some equations the variables are not separable as they stand, but a
change of variable will produce a separable equation. The most
important equation that can be made separable is the homogeneous
equation, which can be written (after suitable rearrangement)

dy _ F(?l) : (2.1.3)
dx &

where F is a known function, and = and y oceur in F only in the
combination y/x.
To separate the variables, we introduce a new dependent variable

v = yfz,
go that
Yy = vz
and
dy dv
L =y4r—.
dx * dx

The differential equation thus becomes

’u+x§3 = F(v),

dz

or
dz _ _dv (2.1.4)
z F{v) —v

and the problem has been reduced to quadrature.

Example: A point moves on a curve in the plane Oxy in such a way
that the angle made by the tangent with Ox is three times the angle
between the radius vector and Oz, Find the cartesian equation of the
family of curves satisfying this condition.
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With the notation of Fig. 2.1(a),y = 38, so that

dy
—= = tan
dx v
= tan 36
—tan2
— tan g ton%0
1 —3 tan20
2 _ g2
_y¥ioy . (2.1.5:
x w2 — Jy2
y ¥
Pix, y) r
F 4
]
o[ A0 ¥ x
/ (b)
{a)
Fra. 2.1,
Putting ¥ = vz we obtain
v+x d_v =9 3;’”2
dz 1—3v2’
and
do  2v(1 +v?)
de  1-3%2 °
Then
dx 1—3v2
@ _ v (3.1.6)
x vl +2?)

The right-hand side is integrated by the use of partial fractions. Put

1-3 _ 4 B+0v
v(l+02) o Ll4o2
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Then 1-3¢2 = A(1 +v2) + (B + Cv)v, for a range of v. Hence, equating
coefficicnts, we have

and
dz dv 4ude
X v 1402

(2.1.7)

Integrating, we have

Ina2 =Inv—2In (1+22)+In 4,

where A is an arbitrary constant. (Here In is used to denote the
logarithm to the base e: log will be used to denote a logarithm to the
base 10, ie. In N = loge N and log N = log;e ¥.) Thus the solution
of (5) is

Ay A3y

xz — ]

and the required family of curves is
(2 +y2)2 = Azy. (2.1.8)

The form of these curves is best seen by writing (8) in polar coordinates,
so that we have

72 = A din 20,

A typical member of the family is shown in Fig. 2,1(b). The curves are
Bernoulli’s lemniscates.

[Note that this is one of a wide range of problems specified by
tan y = f(tan #). Some of those problems might be solved by ad hoc
geometrical methods (e.g. that in which ¢ = 28). But the solution by
way of the differential equation is to be preferred as more general and
more powerful.

2.2. Rates of chemical reactions in simple kinetic systems

Let A;, Ay, ... be reacting molecules in a single stage chemical
reaction of which the products are Aj’, Ay, ..., the stoichiometric
relation being

mAy+nsAa+ ... 2> n’A +nAx + . ... (2.2.1)
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Let ¢y, €3, .. ., €1, €2', . . . be the concentrations{ of Aj, As, ..., Ay,
Ay, ... at time ¢ after the gtart of the reaction. We expect that as the
reaction proceeds the concentration ¢ will decrease steadily; the rate
of decrease will be ( —de;/df). Since n; molecules of A; combine with ny

molecules of Ag, . . ., to produce n;’ molecules of Ay’, e’ molecules of
Ao, ..., wesee that

1 dey _ 1 deg .

ny df nyg df T

1 dcl' . 1 d.cz'
n' At nmy dt
= R. (2.2.2)

This quantity B we will call the rate of advancement of the reaction.

[Chemists commonly use the phrase ‘“‘rate of reaction’ to describe
de;/dt, deafdt, . . .] The above argument is stated in terms of reacting
molecules, and (1) and (2) must be regarded as describing the overall
result of molecular processes. We might state the argument in terms of
concentrations measured in moles per litre; then #1, ns,... would
denote numbers of moles, and (1) and (2) would be unchanged.

It is found by experiment that within certain restrictions there exists
for a given single stage reaction a relation between (—dey/dt) and the
concentrations of the various molecules present in the reaction. We
first consider reactions where this relation is one between concentrations
of the reacting substances Ay, Ay, ... only. From the experiments we
are led to seek relations of the form

d
B kWetes. . (2.2.3)

where o), g, . . . are small integers, and k() is the rate constant for the
substance A;. We shall see that the equation (3) leads to a separable
differential equation. The reaction which gives rise to equation (3) is
said to be of order a; with regard to A;, of order ay with regard to
Ay, ... and to be overall of order a; +a2+ . ... Normally each « takes

1 The conceniration of a subsgtance is defined rs the number of moleculesfems, and ite
rate of change is measured in moleculesfem3 per sec. Alternatively, concentration may
be given in molesflitre. When reactions take place in solution the concentrations are
commonly given in molesflitre. The concentration of a substance A is commonly
denoted by [A), but this notation will not be used much here, as it is rather inconvenient
in mathematical manipulations.
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one of the values 0, 1, 2, 3, and the number of reacting substances is
small.
(a) Zero order reactions are occasionally observed: for such the
differential equation (3) i (using ¢ for ¢;)
de

— = _ky, ¢ = hen ¢ = 0, 2.2.4
7 0, € = ¢p when ( )

with an immediate integral ¢ = ¢g— kpt, where ¢g is the initial concen-
tration.
(b} The first order reaction for which

de

P = —kye, and ¢ = ¢y when ¢ = 0, (2.2.5)

gives the law of natural decay, which was discussed in Section 1.
Separating the variables in (5) we have

% = —kd¢,
c
giving
Ine = —kit+ A,
where
In¢gy = 4,
by the initial condition.
Hence
Inc—Inecg = =kt (2.2.6)
or
¢ = coe k1, (2.2.7)

The form {6} is convenient for graphical work; —#; is the slope of
the curve of In ¢ graphed against &.
The half-life 1, is defined as the time taken for ¢ to fall to half the

initial value ¢y.
Thus

In (3co)— Inco = —lei,
giving

1
Ty = k—ln2.
1
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(¢) The second order reaction in which one substance only is involved
gives

d
O o _ku?, ¢ = cowhent = 0, (2.2.8)
ds
which may be rewritten
_% (2.2.9)
o2
so that
1 1
=kt (2.2.10)
c O

{d) The second order reaction in which two substances are involved
leads to
dcl

7 = —kac1e2, where at t = 0, ¢ = €19, €3 = C2p. (2.2.11)

Suppose that, in time ¢, ¢; decreases by z {molecules/em3). Then c;
will decrease by (na/ng)z.

Thus
cl1 = C10— &,
¢z = cgo—(nafm)z,
and
da
—_— = kz(Cm—ﬁ?)(Cgo—ﬁE 3:) . (2.2.12)
dé 7y

Let us for convenience rewrite this equation, by setting

ng n1
cip =&, Cyp =-— b, kg =— k’
n1 Ng

%a_: = k(e —x)}{b-x). (2.2.13)

a may be greater than or less than b: let us assume without loss of
generality that ¢ > b. Separating the variables in (13}, we have

bt = % (2.2.14)

(@-)b—2)"
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The right-hand side may be integrated by use of partial fractions. We
seek 4 and B such that

1 4 B
(a——x)(b—x)_a—x b—z’

This gives
I = Ab—-2)+Bla—x)

for all z. Putting x = a we have 4 = —1f(a—b5), and putting x = b
we have B = 1/(a—b). Hence (14) becomes

1 dx+ 1 dz
a-ba—-x a—-bb—-z

kdt = —

When ¢ = 0, x = 0; incorporating this condition as we integrate we
get

B = - {in (a-2) - Ina}

- a—i-a{ln {b~2)—In b}

_ Lt
T a-b  a(b-z)’
or
bla—x) _
o) exp (a —b)kt.

Putting back the original constants, we obtain

1—
in -—ﬂ = kz (@ C10 -—Ggo) £
1 —ngziniceo 71

If we write this ag

n CR=F | o0 %aew—mioe,
ng Ca0 n
Co0—— &
®1
the left-hand side is the difference between the values at times £ and zero
of the logarithms of the ratio of the concentrations of A; and A;. When

D
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the logarithm of the ratio of concentrations is plotted against time,
the slope of the straight line thus obtained is

79010 —N1C20 i
== ks,
ny

g0 that ke may be found if the stoichiometric equation and the initial
concentrations are known,

2.3. Opposing or concurrent chemical reactions

If the products of a reaction themselves react to form the original
substances we have opposing reactions. If the reacting substances may
combine in more than one way to form products we have concurrent
reactions.

{a) Opposing reactions of the first order

Let A break down with rate constant k; to form A’ while A’ breaks
down with rate constant k;” to form A again. Let the concentrations of
A, A’ at t = 0 be ¢g, ¢o’, and at a subsequent time ¢ be ¢, ¢’. Then if
both reactions are of the first order we can write the differential
equation of the opposing reactions as

de
a = —ke+k'c. {2.3.1)
Here k¢ is the rate of decrease of the concentration ¢ of A by intrinsic
breakdown, while k;'c’ is the rate of increase of ¢ by first order pro-
duction from A’. By the conservation of matter

- e+c =coteo (2.3.2)
Substituting ¢’ from (2) into (1) we have

P
i ky'(co+co')—(k1+k1')e

or
de

dt = , 2.3.3
ky'{co +co') — (k1 +k1')e ( )

with ¢ = ¢g when ¢ = 0.



EQUATIONS OF THE FIRST ORDER 39
Hence

1 l:ln {fer'{co +co") — (k1 +K1")c} :I
kv +ky — In {k1’(co+co") — (k1 +%1")co}
or

k1'c' —klc

—(ky +k1)t = In (2.3.4)

k]'cg' —’Clco )
This may also be expressed as
ky'e’ —kiec = (k1'co’ —kico) exp { — (k1 + K1)t} (2.3.5)

¥rom (5) we see that ast — oo, k1’¢’ —k1¢ - 0. Thus as time advances
the ratio of the concentrations tends to a constant value—the equili-
brium constant k1/k,’, i.e.

¢ kl
—-»—;a.st—»oo.
(4 kl

(b) Opposing reactions of the second order
Let A; and As react to produce A,’ and Ay’, which in turn react to
produce A; and As. The opposing reactions are represented by
Al +A2 = Al' +A2'.

In this process the concentrations of A; and A each fall by z while
those of A;" and Ay’ each rise by . Thus after time ¢ the concentrations
have changed from the initisl values ¢10, €20, €10’, €20’ t0 c10—=,
€30 —Z, €10’ +2, ¢a0’ +2. If each reaction is a simple second order one,
both reagents appearing in the first order, the differential equation
for ¢, is

d
% = —k26162+k2'01'62'. (2.3.3)

Substituting ¢; = ¢10—=, etc., we obtain

dx
— = ka(c10 —x}(ca0 —x) — k2" (610" + X){c20" +2)

de
= pr?+qr+7, (2.3.7)
where
p= kz_kg"
g = —ka(c10+cz0) —k2'(c10” +ca0’), (2.3.8)

r = kac10620 —k2'c10"c20’.
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Separating the variables in (7) we have
4=
px?+qr+v
The form of the right-hand side of (9) after integration depends on

whether the denominator can be factorized into real factors or not.
There will be real factors if

pattgr+r =0 (2.3.10)

(2.3.9)

has real roots., Now the roots are
— % _
g £ Vg 4@')’ (2.3.11)
2p
and these are real if g2—4pr = 0. Substituting from (8) we obtain

T, ¥g =

g2 —4pr = ka?(c10+€20)% + 2kak2’ (€10 + C20)(c10" +620") +K2'%(c10" +020")2
—4{k22c10690 — kake' (610020 +€10'c20") + %' %10 c 20"}
= ka?(c10—C20)?
+ 2koks’{(c10 +C€20)(C10" +C20") +2(Croc20 +C10'C20")}
+k2'2(c10" —c20)?
> 0, (2.3.12)
since all terms are posttive.

We therefore write px? 4-gr +7 = p(xy —2z)(zs —2), and integrate by
use of partial fractions. (We write the factors in this way rather than
as (x —x1)(x —x2) because we know that the process begins at « = 0
and we wish to avoid writing logarithms of negative quantities.) Then

1 dzx + 1 dz
Xo—2 X1 —& wl—:czxg—x'

pdt =

Take z; to be the greater root. Then since x = 0 when ¢ = 0,
(z1—z2)pt = In (x1—2)—In 71 —{In (xz —x) —In x5}

—1In (-'c1—a:)xal,
(wg—2)x)
or
xr—2 X
177 = 2L oxp (z1 —22)pt, (2.3.13)
Xy - X
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where

z1 = %{—q+ /(g% —4pr)},

1
Ta = P {—g—v(g®—4pr)},

80 that

2px +q — /(g% — 4pr) - q— /(g% —4pr)
x+q+ (g2 —4pr) g+ /(g2 —4pr)

exp t/(g2 — 4pr).
(2.3.14)

(¢) Concurrent first and second order reactions in decomposition of a
substance into the same final product

We have to solve

%:: = —kyc—koc? with ¢ = ¢p when t = 0, (2.3.15)

Separating the variables, and writing ks/k1 = g,

Integrating, and incorporating the initial condition,
—kit = (Inc=In ¢o} = {In (1 + pe} —In (1 + peol}

1
(e,
l+uc e

¢ _ Co
l+uc 1+ pcp

so that

ekit, (2.3.18)

This relation between ¢ and ¢ may be rearranged to express either
¢/co or {co—c)fco a8 & function of . For

c(l+ pecp) = co(l + pcle*it,
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giving

¢ ekt (2.3.17)

e 1 + pco(l —e k1) e
and

cg—¢ 1+ puce(l —e~kity —pHt
co 1+ uco(l —e~*1t)
1 —e—*1t
=T (2.3.18)
where
Heo kaco

v = = )
L4+puco  ki+kaco

Other examples of opposing and coneurrent reactions will be found in
the Exercises at the end of this chapter.

2.4. Exact equations
If the equation

d
d—z = F(,4), ¥ = yo Whenz = o, (2.4.1)

is not separable as it stands, nor separable because ¥ can be expressed
as a function of y/z, it may still be integrable. We rewrite the equation:

Pz, y)dz +Q(z, y)dy = 0. (2.4.2)

If we can identify the left-hand side of (2) as the differential of some
function of z and y, say Uz, y), then we can write (2) as

dU{z,y) = 0, (2.4.3)
and we can integrate to obtain
Uz, y) = C (constant). (2.4.4)

When this process can be carried out, Pz, y)dz +Q(z, y)dy is said to
be an exact differential, and the equation (2) is said to be exact.

We will obtain a necessary and sufficient condition for (2) to be exact.
First we derive a necessary condition. If the equation (4) is the integral
of (2), then since (4) implies (on differentiating)

oU

oU
—dz+—dy =0, 2.4.5
e +ay y { )



EQUATIONS OF THE FIRST ORDER 43

this equation (5) must be identified with (2) for arbitrary dz, dy.
This is possible only if
U
P =1 “62 s Q =1 a_ )
ox oy
where 1 is constant, and hence

6_P _ L, U U _ @
oy oyox - oxdy e

(2.4.6)

The condition
P _ 39
oy >
is therefore necessary for (2) to be integrable: we next show that it is
also sufficient, and in showing that we develop a method by which the
unknown U(z, ¥) may be discovered.
Suppose it is verified that in a certain case dP/dy = 0Q/ox. We have
to show that the function U(z, y) will then exist. We first define &

function V(z, ) by

&
Viz, y) = | P(z, y)dz + R(y), (2.4.7)
Zp
where we have taken the lower limit of integration at the initial value
xp {though any other value within the range where (2) holds could be
used), and E(y) is a function of y only, which is subsequently to be
determined. Then

V(z, ¥) = constant (2.4.8)
is a solution of (2} if

i dx +ﬂ dy =0

ox oy

is identical with (2). But our method of construction of ¥ ensures that
a¥|ox = Pz, y). 0V /0y must therefore equal @(z, ). Thus

E4

oP oR
Q(m! ) = A dx +— ]
T Y Ty

from (7),
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by (8) and since R(y) is a function of % only, giving

3. = Q(:L‘o, y)
Y
Hence, integrating from yo,
v
R{y)—R(yo) = | Qzo, y)dy, (2.4.9)
. ¥
and (8) becomes
@ ¥
§ P(z, y)dz + | Q(zo, y)dy = constant, (2.4.10)
Zp Yo

where R(yo) has been absorbed into the constant on the right-hand
side. (10) is the general solution of the differential equation, y being
given implicitly as a function of . When we insert the condition
y = yo when x = x¢ we get the value zero for the arbitrary constant.
Solving the equation

z ¥
§ Pz, y)de + | Qlzo, y)dy = 0
To yn

for y in terms of x we get the particular solution y(x} that satisfies the
boundary condition ¥ = go when x = .
We have thus shown how to integrate (2) when (8) is given. In other
words, the condition (8)
oP 39

oy Ox

is sufficient for the integrability of the equation (2). It is therefore the
necessary and sufficient condition for
Pz, y)dx +Q(z, y)dy = ©

4

to be exact.

Ezample (a). To show that (x +kiy)dx + (y —kx)dy = 0 is not exaet,
but that it becomes exact if multiplied by (22 +%2)~1; and to find the
solution for which ¥ = 0 when # = 1. Since

0 2
a(x‘l'k?/) =k, a(?f—'kx} = —k,
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the equation is not exact as it stands. But

—a—‘; (o +)(e 971 = Kz +32)1 — (w4 ky)2p(z? +2)2

= (@) 2kt - 22y — by,
2 {y-kaar -+
T

fl

— k(2 +y2)~1 — (y — k) 22(2? + y2)~2

I

(@2 + %) 2(kx® — 2xy — ky®),
so that the modified equation is exact.
By (10) the solution is

x
x+ky (y—kx) dy =0,
z2+y2 22+ y2/ gm=1

1

i.e.
z T &
l} In (a2 +y2):l + I:k tan—1 —]
1 y11
v v
+ |:§ In (1 +y2}j| - [k tan—1 y] =0,
o 0
ie.
2 2 1
$In {x 1y (1 +y2)} +k(t-&n‘1 % tan-1-— tan-1 y) = 0,
L+ Y y
But '
tan12 = Z_ tan‘lg, tan—1 y+tan‘1E = —15,
y 2 x y 2
and so

$In (22442 —ktan-1Y = 0
®
is the required solution,
Bzample (b). If the equation (2) is separable, giving
Pla)dz +Q(y)dy = O,

8Pjdy = 0 = 9Q/ox, and it is exact. Thus the separable equation is a

special case of the exact equation.

45
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Ezample (c). Let the (z, %) plane be the field of a force which has at
the point (z, ¥} the components X (x, ¥), Y(#, ¥). Then the work done by
the field when the force acts through a displacement (dz, dy) is, to the

first order,
Xdx + Ydy.

Thus the work done by the field when the point of application of the
force is moved by the path y from P; to Pg (Fig. 2.2} is

2
Wy) = [ (Xda + Ydy), (2.4.11)
1

the notation indicating that in general the value of the integral (and the

g £
Y (%)

I7] x

Fig, 2.2. Work done along the path y.

work done) depends on the path y. (The value of the integral is com-
puted as follows : let the equation of the curve y be 2z = z(2), ¥ = %{¢),
where ¢ is a parameter fixing position on y. Then

{3
dz
Wiy = 'f [X{x(t), y(t)}a+ Y{x(t), y(t)} %%] dt, (2.4.12)

U}

and this is the integral of a funetion of ¢ alone.}

It may happen that the force-field (X, Y) is conservative, i.e. such
that W‘i‘ is independent of the path y. Then Wf must depend only on
the end-points P; and Ps. In other words there must exist a scalar
function of position (the work function) W(2, y) such that

W3 = W(wsz, y2) — Wiz, y1).
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Thus

2
(Wi, y)]% = [ Xdz+ Ydy,
1

and consequently there is a scalar function W(z, y) such that

dW = Xdz+ Ydy.

Thus in a conservative field Xdx + ¥ dy is the differential of & funetion
Wz, y) and is therefore an exact differential. The condition for this is,
as shown above,

oX oY _

oy o

[Readers familiar with vector analysis will see that the preceding
discussion could be more elegantly displayed as follows:

2
W2(y) = | F.dr.
1(¥}

If W(r) exists,

dW =F.dr, F = grad W,
and

curlF = curl grad W = 0.]
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Exercises

2.1. A substance A decomposes according to the rate law
d
— 3A] = kAL

Show that the value of [A] at time f, denoted by [Al;, is a linear function of
[A)s +«, where « is & fixed interval.
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2,2, A decomposition is known not to bo of first order, and is suspected of being
of fractional order. Taking the order to be « {#1), we assume that the rate
equation is of the form

de

— = —ke?, ¢ = hen ¢t = 0.
7 ¢ = ¢p when

Solve this equation and suggest a way of finding « by means of a graph of the
solution,

2.3. Show that a general expression for the half-life r; of a decomposition
of order »n (rate law —d[A]/dt = kq[A]?, with [A] = {A]o at ¢ = 0), n being not
less than 2, is

1 gn-1_1
T katn=1) ( (A3 )

2.4, The rate of formation of iodine by the reaction
Ha0s+2H* 4+ 2I- — 12+ 2H0
is given by the rate law

d
a_t[Iﬂ] = k[H202][I-]+ ko[Hz0:][I-][H +1.

Set up differential equations for (a) stoichiometric mixtures and (b) non-stoichio-
metric mixtures, and show how to solve the two equations.

2.5. Bhow, both from the differential equations and from the corresponding

solutions, how opposed first order reactions may be regarded to a good approxi-
mation as simple if one reaction is slow compared with the other.

2.6, In the muta-rotation of glucose two opposed first brder reactions oceur:
ke
G = 8@,
o . B
Show that starting from pure «@ the process is described by

ap—

ag
= exp {—(k1+ka)t},
op—ae
where g, ar, cedre the concentrations of «@ at time zero, time i, equilibrium,
respectively.

2,7, Thermal decomposition of hydrogen dodide. Taking x to represent the
fraction of hydrogen iodide that has decomposed at time ¢, and allowing for the
reversible nature of the reaction, show that the differential equation of the

opposed reactions is
de z\ 2
— —_ 2_ L~
=k(l—-2)2-k (2)

8olve this equation. Bhow how to find k¥ when the amount decomposed at time #
and the amount decomposed at equilibrium are known. (Hinshelwood, Kmetwe
of Chemical Change in Gaseous Systems,? Chapter 2.)
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2.8. The rate of hydrolysis of methyl acetate in a solution of fixed pH follows
the law
% = kifa—a)— kol
where (@ —x) is the concentration of the ester and z is the coneentration of each
produet. Show that

ar,+x(a—x,) 20—z,
=k t,
a{xe—2) Te
where z. is the equilibrivm concentration of each product.

2.9. The rate of decomposition of ammonia over a platinum surface

(NH;; - éNg + -z—Hz)
is given by the equation
Pru
i = 25
a PNH; P

where png, and pg, are the partial pressures of ammonium and hydrogen. If po
is the initial pressure of pure ammonium and p the total pressure at time ¢,
show that

Iniw= 1_&_[2_;‘.';_
Po Po 3o

2.10. An ester A is catalysed by hydrogen ions so that the reaction is auto-
eatalytic as the acid B iz produced. If the rate of hydrolysis is proportional to
[A] and to [B], and the initial concentrations of A and B are [A]g and [B]g, set up
and solve the differential equation of the reaction,

2.11. Show that if P(zx, y)dr + @z, y)dy is not an exact differential, it becomes
exact when multiplied by R(z, y) provided R{x, ) satisfies the condition:

pIB_QIE, (P M\,
dy ox dy ow
[In general this procedurs ig of no help towards the integration of
Pdz+Qdy = 0,

since the partial differential equation for R(z,y) is harder to solve than the
original differential equation. In special cases, however, progress can be made.]
Show that the equation

dy +{p@)y—fle)}dz = 0
has an integrating factor

x
oxp{ | p(z)dz}.



CHAPTER 3

ORDINARY DIFFERENTIAL EQUATIONS THAT ARE
LINEAR WITH CONSTANT COEFFICIENTS:
SYSTEMS OF SUCH EQUATIONS

3.1. The linear equation of the first order with a constant
coefficient

The laws of natural decay and growth were stated in Section 1.1, and
the differential equation

dzx

—=Fkr, k>0¢>0, 3.1.1
i ( )

was derived. In Section 2.2(b) this equation was solved by separation
of variables, the solution that takes the value zp at ¢ = 0 being

x = xoexp{F kt). (3.1.2)

Another method of attack, worth describing because of its value in
harder problems, goes as follows. The equation

dz +kxdt = 0 (3.1.3)

ia not exact, since
3(1) 0, 2 (ks)=k (Seotion 2.4)
P e 4).
Let us look for an integrating factor, that is, a function g(¢) such that

when the equation (3) is multipkied through by g¢(f) it becomes exact.

g{t)dz +g(t)kadt = 0 (3.1.4)
is exact if

;. g
5 00} = = (ateyka),
ie.

g'(#)jgd) = k.
50
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Hence (omitting an irrelevant factor)

In g{t) = kt,
amd
g(t) = exp kt.
(4) now becomes
d(ze*t) = 0.

We may integrate this equation from { = 0 to { = ¢ and obtain
ekt —xq = 0,
and
z = @oo—kt

as before.

The inhomogeneous equation

Let us now consider the process of natural decay modified by an
external disturbing contribution, such that the quantity measured by «
is being increased at a rate F(t) whilst it decays naturally. We now have

9 ks B, t >0, 2(0) = 2,
dt
Qr
dx
—+kx = F(§). 3.156

Our equation (1}, which is obtained from (5} when F(t) = 0, contains
only a linear combination of z and its derivatives, and is called a
homogeneous equation. Equation (5), on account of the presence of the
term F(¢), is called an inhomogeneous equation. The homogeneous
equation (1) is said to correspond to the inhomogeneous equation (5),
since it differs only in the term F(¢).

We cannot separate the variables in (5), but we can make the left-
hand side exact. Following our second method of solving the cor-
responding homogeneous equation (1}, we multiply (5) by the integrating
factor exp k. It then becomes

= e = F(jeH, (3.1.6)
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and we can integrate to obtain
¢
zekt —zo = [ F(u)erudu,
0

or
¢

z = zge~kt + ekt | Flu)ekudu, (3.1.7)
0

[The reader will note that the variable of integration has been written
as % rather than ¢, for we are now using ¢ to denote the upper end-point
of the range of integration. Since the integral is definite we are at
liberty to use any symbol for the variable of integration, and we choose
% to avoid confusion with £.]

In (7) the problem has been reduced to quadrature. Although it
appears that an exponentially increasing factor has been introduced as
a multiplier of F, a factor exp (—%t) multiplies the integral, and if we
write

t
| Flu)ek¢-w dy (3.1.8)
0

we gee that F is multiplied by a factor less than or equal to unity
before integration.

The first term of the expression for # in (7) iz what would be obtained
if F(t) = 0; it measures the intrinsio behaviour of the system. The
second term messures the response to the external disturbing term
F(t); naturally it contains also # which affects that response.

Ezample. F(t) might be the rate of increase of « due to the breakdown
of some other substance which is itself decaying naturally. Thus if the
other substance is measured by

Y = Yo €Xp (""mt):
then
—92 = exp { —mi)
dt = MY ©Xp ’
and this is the value of F(¢). Substituting into (7) we get
t

z = zoe~¥ tokt [ mye—m dy,
0
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where we have assumed that o is less than %, though this is not necessary
to our argument but makes for more definite operations. Then

myo

x = xge~kt f ekt
k—m

{etk-my 1}

m
= zoe k4
k—m

yole—mt —ekt), (3.1.9)

This expression for x represents the sum of that fraction of the original
gubstance which remains after time ¢ (first term} together with that
fraction of the continually added substance which has not decayed
again at time ¢ (second term). These two fractions are shown in Fig. 3.1;
their relative size depends on the ratio of g to x¢ as well as of m to k.

F16. 3.1. Contributions to z(t}).

It will be seen that the contribution from the second substance rises
to a maximum at the moment when the rate of production from
dwindling ¥ just equals the rate of decay from increasing «; it there-
after sinks gradually to zero.

3.2. The linear equation of the second order with constant
coefficients

Suppose that a particle of mass m moves along the straight line Ox
under two forces—(1) a central force in which when the particle is at
distance z from O the force towards O is Az, where A is a positive
constant, and (2) a resistance ki proportional to the velocity & (% being
E
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& positive constant) and opposing the motion. Then the equation of
motion is

mé+kE+iz =0, £ >0,
ie.

E+2b&+ex =0, t >0, (3.2.1)

where 2b = kfm and ¢ = Ajm. We must also specify two boundary
conditions; let them be the initial conditions

x =1x9 * =ug, whent = 0.

We may solve equation (1) by various methods, of which two are
given here and one in Chapter 4.

First method

Since there is a linear relation, true for all ¢ > 0, between z, its first
derivative, and its second derivative, these three quantities must all
be functions of ¢ of essentially the same type. But the simplest function
satisfying this condition is the exponential function. So let us seek a
golution = A4 exp of, where 4 is a constant and « a parameter which
will be selected so that this x satisfies the differential equation (1).

Substituting z = de®, £ = dae®, & = Ag?e®t into (1) we have

{02 +2ba 4 c}dest =0, 1 > 0,
This can be true for all { only if
a2 +2bx+¢ = 0, (3.2.2)

i.e. if a is chosen as a root of (2).

Let us first suppose that 42 —c¢ + 0, so that (2) has two distinct
roots, which may be both real or & pair of conjugate complex numbers.
Let these roots be called «; and «s. Then z; = A; exp «if, where 4,
is any constant, is a solution of (1}, and xgz = A3 exp ast, is & second
solution. Now it is easily verified that if z;(#) and zy(f) are solutions
of (1), then a1 (t) 4 x2(t) is also a solution. Thus a solution which contains
two arbitrary constants is

x = Ajentt + Age%t, (3.2.3)
We may now determine the constants .4, and Ay so0 as to satisfy the
initial conditions. Thus
xp = A1+ A4,,
ug = a3 A1 +azdo,
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whence
U — A2xp —Ug + x1%p
Ay = 200y, o TOTHR
] — &g Ay — a2
giving the solution
x(t) = {uolenrt — ewat) — wo(xse21f — qzeat)}. (3.2.4)
o1 —og

If oy and a3z are real, this form is satisfactory. But if «; and «»
are complex conjugates it contains complex expressions which can be
avoided as follows. Let oy = y+148, ag = y—1§, where y, § are real.
Then

a1—ag = 2i4,

exit —poot — evt(eiﬂ _e-idl) = 2 8in ot eﬂ’
azeull —_ aleazt = e'ﬂ{('y _ié)eiét —_ (? +i‘s)e—“l}
= e(2¢y sin &t — 2¢5 cos &¢t),
80 that

1]
= % {to sin &t —wo(y sin 6t — & cos 3t)).
(3.2.5)

We have still to deal with the special case when 52 —¢ = 0 and (2) has
coincident roots. Then ag = a; and Agexpagt iz not essentially
different from A4; exp «1¢. In this case (3) does not represent a general
solution: it is of the form (A4; +A432) exp «if, and in reality contains
only one arbitrary constant. We have to find a new and different
solution of (1) in order to construct a general golution. This we achieve
by means of a manoeuvre frequently used in this subject.

Let us form a function exitu(t), a) being the repeated root of (2}, and
try to determine »(t) so that z{t) = en1fu(t) satisfies (1). Substituting

2 = oyesity 4 ey,
% = ety + o161ty 4:e¢1fii,
we get
ent{(a 20 + 20390 +9) + 2b(a1v +9) +cv} = 0,
i.e,
ent{(a12 + 2bey +cjo + 2y + b} +4} = 0,
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But since in this case (2) has equal roots {(«), x1)

2124 2bay +¢ = 0,

a1+d =0,
and e®tt cannot vanish. Hence
=0,
and
»(t) = Bt+C, (3.2.6)

where B and C are constants. Thus a second solution is ex(Bf +C);
but e«12C' is merely a multiple of the first solution, so that the second
solution can be taken as Btee:!. The general solution is then

(4 +Bt)ent. (3.2.7)
This satisfies the initial conditions if
2o = 4,
ug = a3 A+ B,
and hence
2(t) = {xo+(ug — rzo)ijenrt. (3.2.8)
Second method

Let us denote the operation of differentiating with respect to ¢ by D,
80 that £ = Dz and

% = D(Dz) = D2z,
The operator D commutes with any constant, i.e.
D(az) = aDz,
but does not commute with any function of ¢, since
D{fty} = f'(O)x+f()Dx
+ f(t)Dx

unless f'(¢) = 0 (and so f(t) is a constant). Then the differential
equation

E+2bi+ex =0 (3.2.1)
can be written

(D2 +2bD +c)z = 0. (3.2.9)
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Now the operator D? + 25D +C is identical in form with
o« +2ba+¢ = (o —on)(o—az),

where a1 and a2 have the same meaning as before (but here we make no
condition that they should be distinct). We can therefore factorize the
operator as

(D —ar)(D —az),
gince D commutes with the constants «; and as to give
(D—a)(D—wag) = DD —as)—u1(D—ag)
= D2 — oD —o1 D 4 o100
= D242bD +c,

where we have used the relations between roots and coefficients:
oy +og = —2b, ajxs = c.
Thus we have to solve
(D—oy)(D—ug)e =0, ¢ >0, (3.2.10)
with x = 29, & = ug at £ = 0. We accomplish the work in two steps,
making use of an auxiliary variable. Let us write
(D—uao)x = g, (3.2.11)
so that when £ = 0,
¥ = Yo = Up— 2. {3.2.12)
Then substituting from (11) into (10) we have
(D-or)y =0, ¥y =yo whent = 0.
This is a linear equation of the first order, with the solution
y = ypes, (3.2.18)
Substituting this value of y{¢) into (11) we have
(D—oaz)r = yoer1t, x = z¢g whent =0, (3.2.14)
But this is another first order linear equation, this time inhomogeneous.

We may quote the solution using (1.7} or we may use the method of
Section 3.1 as follows. The integrating factor is exp{ —ag?), giving

D{ze—a2t) = ypelr—=2)t, z = x4 whent = 0. (3.2.15)
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Integrating from ¢ = 0,

ze—ot —gxg = Yo {elr—ant 1},

a1 —agz

so that
x = xoeagﬂ +w (e“l‘ _eagt)
oy — 0ot
= {uolem? —evat) —xg(agent ~ oje22t)}
oy — ey
(3.2.4)

as before (4).

This method is available (and very elegant) if the roots «; and «g
coincide. For then the above working stands as far as (14), with
ag = ay. (1B) becomes

D(ze=a1¥) = yo

which integrates to
xe~ul—zg = yol,
so that, as before,
2 = {29 — (uo—w1z0)t}et, (3.2.8)

The first method is more immediate where ¢; and «y are distinet, or
where the general solution only is required, initial conditions not being
specified. When the first method is used for the inhomogeneous
equation various special tricks or methods of guesswork are introduced.
They will not be dealt with in this book, since our second method is
available in all cases. The second method has the advantages that it
deals with equal roots without modification, that it extends immediately
to the inhomogeneous equation, and that it incorporates the initial
conditions in the course of the work, without the introduction of
arbitrary constants.

Ezample. In a nitric oxide—chlorine system, chlorine atoms are
generated at constant rate n and are removed at a rate proportional to
the number of atoms present (rate constant k). The chlorine atoms
diffuse through the system with diffusion coefficient I} and are removed
when they reach the walls of the container. We consider steady diffusion
between parallel plane walls.

In the steady state, if ¢ is the concentration of chlorine atoms at
a distance z from one wall and F is the rate of flow of chlorine atoms
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in the direction of 2, the balance of chlorine atoms in a cylinder of unit
cross-section and length é2 gives

n&x—kcéz—d—F Sz = 0,
dz

while Fick’s law gives

F= —-Dg(-;.
dr
Thus we derive
2
DY e (3.2.16)
da?

withe¢ =0atxr =0andz = 1.

An inhomogeneous equation such as (16), which contains on the right-
hand side a simple constant, can be made homogeneous by a small
change of variable. The equation is

We therefore write

n
c—— =2,
k
and obtain
2
Pz _ e =0, (3.2.17)
dx2
where m2 = k/D, with z = —n/k whenz = 0, .

Since this is a jury problem, with one boundary condition at each end,
it is convenient first to find the general solution and then determine
constants. The equation (17) has general solution

z = Aems + Be—m%, (3.2.18)

as is found immediately by either of our methods. The end conditions
are
A+B = —N, where N = njfk,

and
Aeml 4 Beml = — N,
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Then

—e—mn — eml
4= _yr1=¢" B-nN1="
eml _e—’”u eml...e"m‘
8o that
o ; (1 —e—mlyemz — (1 —gmi)e—mz
€= z - eml_e"'”ll
_ f{l_smh mx+sxnh m(l—x)}. (3.2.19)
sinh ml

This answer clearly makes ¢ = 0 at = 0 and # = ! and is, as might
be expected, symmetrical in z and ! —2z. The graph of concentration
against x is shown in Fig, 3.2 (the curve is an inverted catenary).

c

2 sinh gmt
sinh mi

Cmax= ";—' { 1-

Fie. 3.2. Graph of concentration against x,
E{l sinh mz+sinh m{l—a))
kLT sinh mi J

¢ =

The inkomogeneous equation

Returning to the physical problem of linear motion with which this
gection began, we now make the additional assumption that the particle
is subjeot to a further (time-dependent) force mf(¢), so that instead of (1)
we have

& +2b% +ox = f(t). (3.2.20)

(20) is the inhomogeneous equation corresponding to the homogeneons
equation (1). We solve it by our second method. (20) is

(D -} D —w)z = f(t),
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with = 29, £ = up at £ = 0. Take (D—ag)xr =y, so that ¥y = o
= ug—waxe at £ = 0. Then

(D—w)y = f(). (3.2.21)

This is a linear equation with integrating factor exp(-—aif), so that
t
ye—ut —yo = | flu)e—tdy,
0

¢
y(t) = yoerrt + [ flujerr (v} du. (3.2.22)
0

We substitute this expression into the equation {D ~ag)z = ¥, and solve
the resulting linear equation in the form

3
x(t) = zoevet+ [ y(v)erat-2)dy, (3.2.23})
0

where y(v) is found from (22). Thus

b4
@(t) = zoe2t+ | yoen1vex(t-vidy
0

i v

+ [emt-v | flujerrv-w)dudy
0 0

eley—ag)t — ]
= wge2! + (1o — aawp)etst —
o1 —ag

4 v
+ Ieﬂ'zl‘l‘(al—az)ﬂ If(u)e—alﬁdud”_
a 0

(8.2.24)

(3.2.24) is a formal answer to the problem. But the double integral may
be reduced to a single integral by means of an interchange of order of
integration. [Itis proved in textbooks on advanced calculus that for the
change of order in a double integral to be valid it is sufficient that the
ranges of integration be finite and the integrand be continuous in each
variable.] We have to take care that when the order is changed the
limits of integration are correctly adjusted.
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We rewrite the double integral as

t v
{ dv | fu)ewatta-eav-eiudy, (3.2.25)
0 0

and observe that in the (u, ») plane the integration extends over the
triangle OAB (Fig. 3.3), the double integral being regarded as the

limit of a process of summing first along strips PQ parallel to the axis
of » and then over all strips between O and AB.

¢ Bren

[7]

Fic. 3.3. Change of order of integration,

When we change the order of integration, we regard the double
integral as the limit of a process of summing first along strips HK
parallel to the axis of » and then over all such strips between OA and
B. Thus the new inner integral must have as end-points » = % and
v = t, and the outer must have z = 0 and » = {. Then (25) becomes

t ot
[ du § flu)esat+lar-aatr—arudy
0w

¢

= I duf(u)erst-a1%

0

{efei—an)t —elay~eg)u}
oy —otg

i

oy (f—u) _ ps(f—u)
j Fla) = e du. (3.2.26)
o] —ag

0
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This manoeuvre succeeds because f is a function of % only, so that when
the order of integration is inverted f(x) can be taken outside the inner
integral, leaving an easily evaluated function. Substituting (26) into
(24) we find the solution

z(t) =

[uo(enst —e%2f) —zo(age™s? — aye72f)
%) — &

+ ff(u){en(!—ﬂ) —egit-uwldy]. (3.2.27)
0

The first two terms within the square bracket in (27) are seen to be those
obtained in (4): they represent the intrinsic response of the system to
the disturbance given by the initial displacement and velocity. The
third term is the response to the “forcing term’’ f{¢). These responses
may be added to give the full solution because the differential equation
is linear.

A substitution of {—w for % in the integrand gives the integral in
the equivalent form

t
[ 1t —w)(em12 —ee2t)dw, (3.2.28)
0

which is to be preferred for some forms of f(z).

The method given above is general and powerful. It is valid for all
Sf(&) for which the integrals converge and for any «; and a3, real or
complex. If oy = ay, the first two terms are modified as in (8), and the
double integral in {24) simplifies (since («1 —ag)y = 0) to give, in place
of (26),

t
[ flulem -0t —w)du. (3.2.29)
0

Ezample. A common special cage of the linear motion considered
above is that of a system which if left to itself would perform simple
harmonic oscillations of period 2zfn. Then the governing equation
(20) becomes

&+n2 = f(I), (3.2.30)
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80 that oy = in, ag = —in, and (27) reduces to
1 . N
m“) = é'_ [uo(eiﬂt —_ e—ﬂ#) _xo( —ineint _@m“‘ﬂt)
in

¢
+ j’f(u){e‘”(‘-u) _e—in(#—u)}du]
0

1 $
= ~ [ug s8in n¢ +nwp cos nt + | f(u) sin n(t —u)du].
(2 ()

(3.2.31)

3.3. The general linear equation with constant coefficients

The work on second order equations in the preceding section can be
generalized to give the solution of a linear equation of order n with
constant coefficients. Let D = d/d¢ and let L{D) denote the linear
operator

DryaiDe-lyaoDn-24 ... +ag. (3.3.1)
Then
(LD = f(t), t >0, (3.3.2)

is an inhomogeneous linear equation of degree n, and
{LD}z =0, £t >0, (3.3.3}

is the corresponding homogeneous equation.

We first introduce the oconcepts of linear dependence and linear
independence of a set of functions. If$1(¢), d2(f), . . ., Palt) are functions
given for a certain range of ¢, and if a set of constant multipliers
aj, ®g, - . -, &y can be found such that :

api(t) +asdalf) + . . . +aapalt) =0

for all £ within the given range, then ¢;1(f), ¢2(t), . . ., Palt) are said
to be linearly dependent. Ifno such set of constants exists, the functions
are said to be linearly independent. No one of them can then be
expressed as & linear combination of the remainder.
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Flirst method

We now begin with an attack on the homogeneous equation (3). We
observe that if 2 = ¢@i(t) and z = ¢3(t) are linearly independent
solutions of (3) and 41, 42 are any constants, then

LD} (A1 + A2o) = A{L(DY}¢1+ A{L(D)}s = 0,

80 that Ai1¢;+Asps is a solution of (3) containing two arbitrary
constants 4; and A4;. Since ¢; and ¢» are linearly independent, ¢z
cannot be replaced by a multiple of ¢, thus the expression cannot be
equated to an expression containing only one arbitrary constant.
Now since (3) is of order », and its solution will involve n integrations,
the most general solution must contain n arbitrary constants. But a
generalization of the argument just given shows directly that if

P12}, P2(t), . - ., Pall)
are » linearly independent solutions of (3), then

A1¢1+A2¢2+ PR +Aﬂ¢n (3.3.4)

is & solution containing » arbitrary constants A, As, ..., 4, which
cannot be reduced in number, and so is the general solution. This
property is a consequence of the linearity of (3).

We have now to find » linearly independent solutions of (3): our
first method follows from the first method of Section 3.2. Since for all
{ > 0 the sum of multiples of the derivatives of z is zero, all the
derivatives must be essentially similar to x({) itself. This suggests
trying as a solution z = exp Af, where A is a parameter to be deter-
mined. Substituting into (3) we find

eM(A” + a1 An-1 fazin-24 | . 4a,) =0, (3.3.5)
so that A must satisfy the nth order equation
AP Al qgodn—24 ., +a, = 0. (3.3.6)

This equation has » roots (real and complex) which may not all be
distinet. Let them be denoted by

A, Az, oo Ane
We first suppose that these roots are all different. Then
exp Aid, exp Agf, . . ., €XP Ayt
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are n linearly independent solutions of (3), so that the general solution
will be

Ajetal + Ager2t + .. + Ay et
or

w
Y, Agett, (3.3.7)

r=1

This form of solution is available whether the roots are real or complex,
but it is sometimes desirable to deal with a pair of conjugate complex
roots together, introducing real trigonometric functions as follows.
Without loss of generality we can take A; and 13 to be the complex
conjugates, and write

Ay = y+1id, Ag = y—1id, (3.3.8)
where v, 6 are real. Then

Ajehrt + Agedet = Ajert{cos 6t +1 sin 5t)
+ A set(cos 6t —1 sin 5t)

= e"}(B cos 5t + C sin 8t), (3.3.9)
where
B =A4;+4,, ¢ = i(Al—Az).

[This does not mean that C must be imaginary; for instance if 41 and
A3 are complex conjugates both B and € will be real.] If the equation
has several pairs of complex roots, then corresponding to each conjugate
pair there will be a pair of terms, as in the right-hand side of (9), con-
taining trigonometric functions of ¢.

If the equation (8) for i has repeated roots, then the sum (7) of
exponentials cannot represent the general solution. For if, for example,
A1 is a double root, (7) contains as its first two terms

Ajerrt + Agetrd

and therefore does not contain n separate adjustable constants. We
may guess from our work on the second order equation that cor-
regponding to a double root A, of (6) there should be included instead of
Aot + A getet g pair of terms

(Al + Blt)e»‘xt,

where 4; and B are arbitrary constants, This can be established as
follows. We examine a process in which two roots 4, and s, originally
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distinet, come to coincidence as Ag — ;. Iet 1s = Ay +¢& Then
exp A1t and exp (41 +¢) are linearly independent solutions when
¢ + 0, but the second becomes identical with the first when £ = 0.
If, however, we form the expression

{exp (11 + e}t — exp Ait}/e,

this is linearly independent of exp 13¢, since it cannot be expressed in
terms of exp A3t alone, and moreover its limit as ¢ — 0 is a function of ¢
linearly independent of exp A;¢. This limit is

&b

R €
et1t lim = tet!,

e-0 £

We have thus constructed a second linearly independent solution, so
that a general combination of two linearly independent solutions is
(A] + Bjt) exp A;t.

This method can be modified to deal with double complex roots, and
can be extended to roots of multiplicity greater than two. But we do
not pursue this first method further in those directions, since other
methods given in this chapter and Chapter 4 prove to be more powerful
and of more general application.

Let us assume that we have found = linearly independent integrals
of the homogeneous equation,

¢ls ¢21 LR ¢1‘h

go that we have the general solution

on =) Ardr. (3.3.10)

r=1

We now show how this can be used in obtaining the general solution of
the inkomogeneous equation

{LD)jx = fit), t > 0. (3.3.2)

Suppose that by some means we have found any particular integral
x = X{t) of (2). Then

{LD) s +X) = {L(DNgr+{L(D)}X
= 0+£(t), (3.3.11)

since ¢, and X are solutions of the homogeneous and inhomogeneous
equations respectively. Thus ¢, + X is a solution of the inhomogeneous
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These initial values of ¥1, ys, . . ., #s—1 can be introduced at each stage
of integration until (16) is reached. Then x(0) = b is used in the
integration, and the solution for x(¢) is obtained with all initial con-
ditions incorporated.

It is clear that this method of solution, though systematic, might
become extremely cumbersome, especially if the successive integrals
could not be evaluated in simple closed form. One is also led to wonder
whether it is necessary to integrate the function f(#) (with various
factors) » times, seeing that when n = 2 the double integral reduces to a
single integral. In fact it is not necessary; the Laplace transform
method (Chapter 4) leads to a single integral.

ol

q,

Fi1c. 3.4. Coupled cireuits,

Example. Two electric circuits are coupled (Fig. 3.4), Each has re-
sistance R, capacitance C, and self-inductance L. The mutual inductance
is M. Initially the first circuit has charge @ in the condenser, and no
current flowing, while the second has no charge or current. We wish to
find the subsequent variations in charge on the first condenser.

Let the charge in the first condenser at time ¢ be gi(t), so that the
current in the first circuit is z; = ¢1{f). Similarly let g¢a(?} and
xg = ¢z(t) refer to the second circuit. Then the differential equations
of the two circuits are

I/x1+Ma_:s +Rzy +q1/C = 0:} t> 0, (3.3.17)
Mz + Léa+ Rra+42/C = 0,
with
@1(0) = @, di(0) =0, g2(0) =0, ¢(0) =0.  (3.318)
Thus

(LD?+RD+1/C)q1 + M D?%gs = 0,
MD2q; +(LD?+RD +1{C)gz = 0. (3.3.19)
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equation. But it containg n adjustable constants and is therefore the
general solution.

Thus the finding of the general solution of the inhomogeneous
equation is broken down into two steps, (1) the finding of the general
integral of the corresponding homogeneous equation, and (2) the
finding of any particular integral of the inhomogeneous equation.
Because of this, the homogeneous equation is sometimes called the
auziliary equation, The general solution (10) of the auxiliary equation
iz called the complementary function.

Example. Given the inkomogeneous equation
£—4%+3z = 6t-8,
the corresponding homogeneous (or auxiliary) equation is
E—4&4-3x = 0.
The general solution of this (i.e. the complementary function) is
x = Aet 4 Bedt,
and a particular integral of the inhomogeneous equation is seen to be
x = 2t
Hence the general solution of the inhomogeneous equation is
x = Aet + Bedt + 21,

The search for the needed particular integral may be carried out by a
combination of experience with trial and error (see exercises at end of
chapter), or sometimes by manipulations with the operator L(D), The
latter method requires the use of processes of uncertain validity, and the
memorizing of various formulae. It is notintroduced here or advocated,
for the method now to be described is preferred. Better still in many
problems is the use of the Laplace transform {Chapter 4).

Second method

Qur second method of Section 3.2 can be established theoretically for
the linear equation of any order with constant coefficients. Its con-
venience in practice will depend on the ease with which the operator L(D)
ean be factorized.

Since the form of L(D) = D#+a1 D%+ ... +ay, ig identical with
that of the polynomial in the equation (8) for A, the roots of which are
A1, Az, ..., Ay we can write

LD) = (D-)D=22)...(D~2a). (3.3.12)
This factorization of the operator is always possible, whether the roots
are real or complex, single or multiple: it rests only on the fact that
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the operator D commutes with constants (see Section 3.2), Extending
the method previously used for the second order equation, we now
introduce extra variables i, ys, . . ., ¥a-1, defined by the equations

(D= Aa)x = 31,
(D= 2a-1)y1 = ¥y2,

(D—22)yn-2 = Yn-1. (3.3.13)

These are all uniquely defined in terms of x and its derivatives, Then
the differential equation is

(D=A)D—=22)...(D=A)x = f(£), ¢ >0, (3.3.14)
or
(D—A1)ya1 =f(t), ¢t >0, (3.3.15)

(15) is a first order lincar equation for y,—;. Having solved it, we may
ingert y,-1{¢) into the last equation of the set (13) and solve for
Ya-2(t). Proceeding thus up the set of equations (13) we eventually
reach the equation

(D—=2z)x = nit), {3.3.186)
where the right-hand side has been found as a function of ¢&. The
solution of (16) is the required solution of (14). Each step, containing
an integration, will introduce an arbitrary constant, which remains in
the solution if not determined by an appropriate boundary condition.
We could then obtain the general solution of (14) containing » arbitrary
constants. But if, as is more usual, the problem is completely specified
by the atatement of initial conditions as well as the differential equation,

these conditions can be introduced during the process of solution, as
follows. Let the conditions at { = 0 be

Z(O) = bOa

2(0) = by,
(n:l) ‘ .

x (0) = bﬂ—l.

Then

¥1(0) = y10 = b1 — Anbo,
¥2(0) = yao = b2 —{dsn+ An-1)b1 + Andz-1do,

Y1-100) = yn-no = bp-1... +{(—1)*gdp1 ... A2bo.
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Eliminating ¢2 we have
{(LD?2+ RD +1{C)2 —(MD%)%q; = 0,
ie.
{(L-M)D%+RD +1/C}{(L+M)D?>+RD +1/C)qy = 0.

To simplify the algebra, we consider the case when Rg; can be neglected
in comparison with (I + M) and ¢;/C. Then writing

1 1

m = m2, m = n2 (3.3.20)
(we have assumed L 4 M) we obtain
(D2+m2)(D24n%)q =0, ¢ > 0. (3.3.21)
Substituting
(D240 = g (3.3.22)
we have
(D24+m2)yy =0, ¢t >0, {3.3.23)

and we need the initial values of y and g. Substituting the initial values
into the differential equations (19) we obtain

L1(0) + M50} = —Q/C,

Mg1(0) + L§s(0) = 0,
so that

__ e
CL2-M2)’

If we differentiate the equations (19) and substitute the initial con-
ditions, we find (taking R = 0)

Lg1{0)+ Mg a{0) = 0,
Mql(O) + LQ‘3(O) =0,

so that, since L + M, §1(0) = 0.
Then

¢1(0) =

MQ
CL2-M2)’

H(0) = §1(0)+n2¢:1(0) = 0. (3.3.25)

¥(0) = @1(0) +02Q = — (3.3.24)
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For the solution of the equation {23) for y, with the initial conditions
(24) and {25), we may quote (2.31), and find

y(t) = yo cos ml.
Then (22) is
(D2 +n2)q1 = yo cos mf,

with ¢1 = @, ¢1 = 0 when ¢t = 0. Again using {2.31) we obtain
1t
q1(t) = @ cos nt +— { yo cos mu sin (¢ —u)du.
®o

Evaluating the integral and simplifying we reach the result
q1{t) = 3¢@(cos mi +cos nt), (3.3.26)

Ur\ Vf\v[\ A

Fi6, 3.8. Motion compounded of two simple harmonie motions
a1(f) = $Q(cos mi + cos nt)
m—n m+n
= Q(costhoa 2 f.).
Here m+n = 6{m—n).

S

8o that ¢; oscillates with a motion compounded of two modes of periods
2nfm and 2xnfn. If we write this as

Q) = Qcosm;ntcosm;-n ¢ (3.3.27)

we can regard (27) as a harmonic oscillation of period 4z/(m +n) and of
varying amplitude @ cos ${m—n)}t. If m and » differ only slightly,
the amplitude will vary slowly, as shown in Fig. 3.5. The motion is then
an oscillation with beats,
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3.4. Systems of linear equations with constant coefficients:
particular examples

Consecutive chemical reactions of the first order

Consider a reaction in which a substance A4; breaks down with
rate constant &, to form the substance A3 which in turn breaks down
at rate ks to form Aj. If z;, 23, x3 denote the concentrations of Aj,
As, Agat timet, so that initially x; = 10, 2 = 0, z3 = 0, the equations
describing the process are

&1 = —kxy,
Xg = kixy—kaxs, t >0, (3.4.1)
Zg = kaxg,

with 21(0) = z19, 23(0) = 0, 23(0) = 0.
The first equation (1) is solved as in Section 3.1 to give

X1 = xpeF1Lt, (3.4.2)

Substituting this value into the second equation, we have the first order
linear equation

.’.t:'z-l-kzxz = klxme-tl‘. (3.4.3)
The solution of this equation has been found in (1.7) and (1.8). It is

za(t) = ;Tlf-li—l (e %1t —e—kat), (3.4.4)

We could substitute this value (4) into the third equation of {1) and
integrate to find x3(t). But if we observe that by adding the three
differential equations we get

d
—(x =0,
djt( 1+2Z2+xg)

and hence
&1 +xa+x3 = 10,

we may deduce

x3(t) = 210 —21~22

I

k1
Z104 1 — ekt —
10{ 7

(e—*1t —e“kzﬁ)} . {3.4.5)
iy — i1
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It would be easy if desired to modify these results for more general
initial conditions x,(0) = z14, 2(0} = x20, £3(0) = x3p.

The sequence of events in radioactive breakdown is of this kind, but
may involve many steps. The method just given may be extended to
cover the whole sequence to the final product. A slightly different
method may be preferable if the boundary conditions of the problem
are not straightforward initial conditions. Suppose that the process is
described by the differential equations

Ty = —=kiz1,

£o = ki) —koxs,
&y = ky—10r—1 —kyy,

En = Eknp-1%n-1, (3.4.6)

where all the k’s are different.
We rewrite these equations as

{(D+ki)ey =0,
(D +ko)rs = kizy,

(D +kr)2e = kp—1%r-1,

Dxy = kp_1Zp—1- (8.4.7)
Operating on the second equation of (7) by D +%; we obtain
(D+k)(D+kajre = 0.
Proceeding in this way we obtain

(D4l D+ks) ... (D+k)ay =0, (3.4.8)
and
(D+E)(D+kg)...(D+kp1)Dzgq = 0. (3.4.9)

The general solution of (9) is

Ty = qre~Fit fage ¥t 4 .. +ap—g0 1t L ay,
(3.4.10)

where a3, ag, . . ., @y are arbitrary constants. We can choose them to
fit the boundary conditions.
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We find
1
Tp—1 = Dl'n,
n—1
1
Tn-2 = (D +En-1)2n-1,
n—2
and thus all of z,, 251, ..., 21 are found in terms of the expressions
oceurring in (10). Inserting, for instance, the initial values of i,
Zg; - . -, ¥p Wwe have n equations from which the parameters a;, @z, . - ., 2p

are uniquely determined.

General system of first order reactions

Rather than treat separately various problems that have arisen or
might arise and lead to systems of first order differential equations,
we now examine a method available for all such problems. The problem
is set up in a general and complete manner.

If we have a general system of n components Ay, 4g,..., 45 in
which any two components may be related by simple opposing reactions
at different rates, i.e.

A, - A, rate constant k.,
A; - A,, rate constant kg,

the differential equations desecribing the whole system will be, if x, is
the concentration of 4,, and { > 0,

%) = ~kigty —k1gxy . .. —kya® e +hars+ ... Fhnite

&y = —kpte—kppy . . . ~kyr—1%r — Ky p41%r . . . —KynZy

ST ZYC PR ¥ R g S 3 N v SO SRS F e

These may be expressed more neatly if we introduce an auxiliary
constant ky, defined by

kf!' = —krl‘“kfg e "kr.r-—l"kr.r+1 e -"krm (3-4-11)
so that

n
:-ér = Z ksr\xs. (3.4.12)
s=1
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We now introduce the summation convention, by which if a suffix
occurs twice in any term the summation of such terms for values
1, 2, ..., n of the suffix is implied: thus

n
Gy = ) Qpr = an+ea2+ ... +pg,
=1
n
Arsbs = Y arsbs = an1b1+arebs+ ... + @by, (3.4.13)
s=1

We are thus enabled to omit the sign
n

)
-1
but we must always remember that the doubled suffix implies sum-
mation and that one term represents #» terms. Then (12) is

-:ér = karmsc (3.4. 14)

r

This simple equation represents a set of # equations (r = 1, 2,.. ., n)
in each of which the left-hand side contains one term and the right-hand
side » terms.

Guided by previous experience, we seek a solution in terms of
exponential functions: we try z, = a, exp(—At), and see whether
there is any value of A which enables the set of values z, to satisfy the
differential equations (at present we leave aside the boundary con-
ditions; the satisfying of the boundary conditions is a further step in
the method). Then

—Aay xp( —At) = kgragexp(—Af), ¢t > 0. (3.4.15)

The work that follows can be most elegantly formulated if at this stage
we introduce the Kronecker symbol &¢,, which is defined by

51-3 = 1ifr = 8§,

Oys = 0if r =+ 3. (3.4.18)

]

Then
5,-30,; = Oy, (3.4.17)

gince the only term of the sum on the left-hand side that is not zero is
the one for which s = . On account of this property, 5,; is often
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called the substitution operator. Using (17) in (15) we obtain, for all
t > 0, since dgp = Org,

(ksr + Adsr)ag exp(—Ait) = 0.
This can be true for all ¢ only if for each r
{ksr + Adsr)as = 0. (3.4.18)

Here we have a set of » homogeneous linear algebraic equations, each
containing n terms (since a sum over s is implied). They will be
consistent only if the determinant of the coefficients is zero, i.e. if

det (ksr +A84p) = 0. (8.4.19)

This is an equation of degree # in 4, as is clearly understood if we write
it out in full as

kn+2 ka k3 . kn1 = 0.
k12 ka2 +4 kas . kn2 (3.4.20)
k1 kon k3n . Fonn+ 4

Let A3, A3, . . ., A4 be the roots of (19). If we substitute A; back into (18)
we obtain a consistent set of equations from which the corresponding

mined except for an arbitrary factor common for all a,. Let the
solution corresponding to 11 be

a; = Bia ),
where B is arbitrary but a;{1) have been found in terms of the rate

constants ks and the root 2; (which is also known in terms of Zg).
Then a solution of the system of differential equations (12) is the set

2,1} = Bja,Me~41t, (3.4.21)
Similarly a second solution is
2% = Boa,2le—4st,

In all, if there are n distinct roots Ay, p = 1, 2, ..., n, there will be »
linearly independent solutions

2P = Bpa,Ple—4pt, (3.4.22)
from which we can build the general golution

n
zy = Y Bpa,We—pt, (3.4.23)
=1
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We observe that one of the roots of (19) is always 1 = 0. For if
we form a new first row of the determinant (20) by adding all rows, then
every element of that row is A (by use of the definition {11) of k).
A 18 thus a factor of the determinant, and 2 = 0 is a root. The cor-
responding solution (22) is a set of constant values Boa,®. We may
take A, to be the root which is zero, so that Bea,® replaces Byay{Me—int
in the sum (23).

So far we have not introduced boundary conditions. Let us use
initial conditions

%y =xrgatf =0.

These n conditions will be sufficient to determine the » arbitrary
constants B, according to the system of equations

n
.'1‘,',-(] = zBpar('p). (3.4.24)
p=1

{23) then gives the final solution.

It will be found that none of the roots 4, is real and negative. This
corresponds to the physical fact that we are dealing with natural decay.
Negative 1, corresponding to increase without limit as ¢ - o0, could
not; represent a real situation.

Coupled circuits

We can now give a more powerful method of solving problems of
coupled electric circuits. Let us take the same arrangement of two
circuits ag in Section 3 (p. 70), but introduce into the first circuit an
E.M.F. of given time-dependence E(t), which starts to operate at ¢ = 0
when charges and currents are zero. We wish to find the subsequent
current in the second circuit. With the same notation as before, our
equations replacing (3.16) are

Léy + Més + Ray +@1/0 = E(t),} £ 0

. (3.4.25)
Mz + Lég + Rrg+q2f/C = 0.

The initial conditions arenowq, = 0,1 = 0,93 = 0,23 = 0 att = 0,
Then equations (3.18) are replaced by
(LD2+ BD+1{C)q1 + M D?q3 = E(t),}

3.4.26
(LD? +RD +1/C)qa+ MD2q = 0. (3.4.26)
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The second equation has been rearranged so that the next step seems a
natural one. If we now add the two equations (26), writing ¢1 +¢92 = %,
and then subtract them, writing ¢; —g2 = » we find

(LD:+RD+1{Clu + MD%y = E,
(LD2+RD+1/Cw—-MD?* = E.

We have thus separated the two dependent variables. As before, we
take R = 0 for simpler algebra and introduce m and = defined by

m2 = C(L+ M), n2 = C(L-M),
to get
#+m2u = Om2E,
i +n2y = Cnik, (3.4.27)

By this manoeuvre we have obtained two second-order equations instead
of the one fourth-order equation we found before. The initial conditions
give u =0, 4 =0, v=0, 9 =0 at { = 0. So using the solution
(2.31) we have

¢
% = Om § B(1) sin m(t - 1)dz,
0

t
v = COn | B(1) sin n{t —1)dz,
0
and the answer to the original question is provided by

' :
gz = ¥u—v) = 3C [ B{r){m sin m(t — t) —n sin n{t —1)}dr,
0

xp = d—(iqg = }C fE‘(r){ma cos m(t — 1) —n? cos n{f —1)}dt.
0

(3.4.28)

We observe from the equations (27) that in the absence of external
disturbing E.M.F. E(f), the system is capable of free oscillations with
periods 2xn/m and 2nfn. These two harmonic oscillations are not
coupled: the system can oscillate in one mode alone if suitably started.
Such a mode is called a normal mode of the system, and a variable
describing the motion in a certain normal mode is called the corre-
sponding normal coordinate. Normal modes and normal coordinates
describe the intrinsic behaviour of the system when oscillating freely.
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Our method of changing the independent variables so as to produce
uncoupled differential equations is in fact a way of finding the normal
coordinates of the system. If the normal coordinates cannot be seen by
inspection we can find them as follows. Let us examine a system in
which the circuits have self-inductances Ly, Lg, capacitances (1, Cq.
Then with the same notation as before, we have to solve

Ligr+ M2 +q1/Ch = B,
Mgy +Lage +q2/Ca = 0. (3.4.29)

We seek a linear combination of ¢; and g2 which obeys a single second-
order differential equation. Let us multiply the first equation by g
and add it to the second equation. Then

D¥(BLy + M)q1 +{BM +La)ga} +{Bq1/C1+92/Cs} = BE,
(3.4.30)

and the two quantities in curved brackets must be multiples of the
same combination of ¢; and ¢s. Hence the ratio of coefficients in the
first bracket must equal the ratio of coefficients in the gecond, i.e.

BLi+M  BCs
BM +Ly  Cy’
or
ﬁ2M02 +ﬁ(L202-—L101) -—MO]_ = 0. {3,4.31)

This is a quadratic for 8, with roots B, f2. Let us use the value 8
and insert it into the differential equation (30). Then since

B0z

In+M =
Bl + o

(B1M + L),
the equation is

(B1M + Ly)D2 {E;_C'_g 71 +9’2} +i{ﬁl—02 a1 +9’2} = B &,

C1 Ca{ O
ie.
atmou = —L g, (3.4.32)
B1M + Lg
where
u-—*ﬁl—oqu-#qg and m? = L

Cx CalprM + L)
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« is then one normal coordinate; the other, found from §5, is

v =82 L0 (3.4.33)
Cy
satisfying
nto = — P gih oL
BoM + Ly Co(f2M + La)

The initial conditions (or other boundary conditions) can now be
expressed in terms of w and v, and the problem solved by straight-
forward integration of equations (32) and (33). The variables % and »
are now the normal coordinates, and the corresponding normal modes
of oscillation have periods 2zn/m and 2xn/n. As stated above, the system
can be started so as to oscillate with simple harmonic motion in one of
the normal modes (the corresponding normal coordinrate alone varying).
But for general conditions of starting both modes will be excited and
the variation of ¢; or g2 will be obtained by a superposition of normal
modes with appropriate amplitudes.

Orbital motion with gyroscopic disturbing force

Another application of the method just introduced is to the motion of
a particle in a plane when elastic and gyroscopic terms oceur in the
differential equations. These are (from (1.2.2))

E—2y0+2Ax =0,
G+2y+Aiy = 0. (3.4.34)

The form of {34) is such that we can combine the two equations into one
equation forz = +1y, (i = 4/(— 1)), by multiplying the second equation
by ¢ and adding to the first, Then

E+2y+ 22 = 0. (3.4.35)

This is a second order linear equation with constant coefficients. We
therefore seek a solution

z oC exp iy,

where we have introduced a factor ¢ into the exponent for algebraic
convenience. Substituting, we get

2 +29p—4 =0,
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80 that # = —y+4/(y2+ 4), and the general solution of (36) is
z = et detut 4 Be-tut), (3.4.36)

where p = 4/(y2+4), and A and B are constants which may be
complex. 4 and B will be determined by four independent conditions.
For example, let us take

z(0) = a, #0) = 0,

¥(0) = 0, §(0) = V.
Then z(0} = @, 2(0} = ¢V. Substituting for z from (36} we have

a=A +B,

V ={(p—9A4~-(u+7)B,
80 that

A = ja+i 'ya+V, B = ja—} )la+V.
u p
Hence
2 = g~ |:a cos pb+4 rat¥ sin ,ut] . (3.4.37)

The motion represented by (37) is best envisaged as follows.
Write .

ya+V

{ =&¢+in = acos pt+1 sin uf, (3.4.38)
Then
S L
a?  (yafpu+ Viu)?

so that { moves on an ellipse. But z = e~%¢{, so that at any time
8, z is obtained from { by rotating { clockwise about the origin through
the angle y.. Hence the point {z, ) has a motion which is to be en-
visaged as periodic motion on an ellipse which rotates with angular
velocity y about its centre.

The motion of the tip of a Foucault pendulum has this character, the
gyroscopic force being the coriolis force due to the Earth’s rotation.
The motion of an orbiting electron when a transverse magnetic field is
applied provides a further example (see Exercisze 3.9 on the Zeeman
effect).
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3.5. Systems of inhomogeneous linear first order equations
with constant coefficients: general theory

The general system of linear first order differential equations with
constant coefficients when there are n dependent variables has the
form

21181 +a19¥2 + .. . +a1a8n + Oz +hroxa+ ... Fhigze = f1f), ¢ > 0,

a218) +@22E2 + . .. +@apdn +ba121 + oo+ ... +honxy =f2(t),
Q1%L +ap2Za+ . .. Fopnta +0mz1 +bpsxe+ ... +hyats =fn(t)»
(3.5.1)

Using the summation convention we write this as

arga‘:g'f‘bfgxg = fr(t), T, 8 = ].’ 2, T n, t > 0, (3.5.2)
or

(arsD +byg)xs = fy, i > 0.
The problem will be completely specified if the » initial values are
given:
Z5(0) = zg0.

Let us denote the operator ay,D 45,5 by ¢,5, and introduce the deter-
minant of operators

C = det Cyg = €11 Cig . . Cin . (3.5.3)
€21 €22 . . Can
Cnl Cn2 « « Can

Let Cys denote the cofactor of ¢ys in this determinant (ie. (—1)r+¢
times the determinant obtained by striking out the rth row and sth
column). If each element of & certain column of €' is multiplied by its
cofactor, and the products are summed, the sum is C. But if each
element of & column is multiplied by the cofactor of the corresponding
element. of a different column, the sum of those products, being a
determinant with two equal columns, is zero, Using these properties,
we now solve the system of equations (2), i.e.

Cr%s = [frs (3.5.4)

for x,. Multiply the rth equation by C,; and sum over r. All terms on
the left-hand side will vanish except that containing x;. We obtain

Oxg = Cr;fy. (3.5.5)
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C when expanded is seen to be a polynomial in D of degree %, and
Cys a polynomial of degree » —1. Thus the right-hand side of (5) is a
known function of ¢, and the left-hand side ean in principle be expressed
as the product of z linear factors in D. Let

C=Co(D=1)(D—=24g)...(D—=2z), (8.5.6)
where Cy = det a,;. Then the general solution of (5) is
Ty = Asqe'{qs+Xg(t), (3.5.7}

where Ay, are arbitrary constants and it is understood that the first
term on the right is a sum from ¢ = 1 to ¢ = 2, and where X,(¢) is any
particular integral of (5).

If this process is performed for each z; we obtain the same set
Aq every time, but the constants Ag and the particular integrals
X,{t) will be different for different s. We thus have » variables ex-
pressed in terms of n2 constants. We shall show that these n? constants
can be expressed in terms of % constants. Substituting from (7) into
(2), we obtain

n
Y (arsAg+bra)Asqest = fr(t) —(@rsD +brg) X,
g=1

=0, (3.5.8)

since X, is a particular integral. Now (8) must hold for all ¢ > 0,
and so the coefficients on the left must vanish. Thus for each ¢, say
9 =4,

(Gredg +byg)Aey =0, r=1,2,...,n,

(not summed over ¢’). Here we have n equations which determine the
ratios of

Alq’, A2q’, P ey Aﬂ,q’, (3.5.9)

and therefore determine each constant of the set (9) in terms of one of
them, say 4,4

Similarly for every ¢, the values of Agg, Asg, ..., Ang may be
determined in terms of A;j; We are thus left with » undetermined
constants 43, Ay3,...,d1, and the differential equations are
satisfied. I now we put in the n conditions z5(0) = z;p we can determine
the values of 4);,. Thus the solution of the problem is obtained,
The reason for the apparent superfluity of constants at one stage is that
equation (3) was obtained by introducing n — 1 further differentiations
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—in the original set only the first derivative of z; had been involved.
Thus when the equations (7) were obtained they referred not to the
original equations but to these derived equations. Re-imposing the
conditions that the original set of equations must be satisfied we were
able to get rid of the extra constants and leave only enough arbitrary
parameters for the satisfying of the original boundary conditions.

We have given the method for the general case in which the values
are distinet. If some roots are repeated the solution must be modified
in a way which is clear enough in a particular problem: it is unnceessary
to write out the various modifications in the general case.

An example of the use of this method will be found in Exercise 3.9,
The reader must understand that the value of the method lies in its
systematic attack on problems of considerable complexity : to use it on
a simple problem of two dependent variables is to use a sledgehammer
to crack a nut. But the application to a simple problem does enable the
student to obtain a closer and more definite view of the steps in the
process of solution of the equations.

Exercises

3.1. A circuit of negligible capacitance contains rcsistance R, self-inductance
L and electromative force E cos wt. At time ¢ = 0 it is switched on. Set up the
differential equation for tho current I in the ecirenit and solve with appropriate
initial conditions. Show that after the transient has died down the current
oseillates with tho period of the electromotive force but out of phase with it by
tan-Y{wL/R): find the amplitude of this current.

3.2, Show how to derive (3.2.8) from (3.2.4) by a limiting process in which we
put ¢z = a1+ 3 and let § — 0.

3.3. {a) From the result {3.2.19) for the concentration of chlorine atoms, show
that the average concentration is

n 2 mi
z(‘-m‘“‘h?) -
{b) Given that the condition ¢ = 0 at x = 0, { is replaced by F = Fy at

z = 0,.], where y is a constant (this condition specifies removal of chlorine atoms
at 8 constant rate at the walls), show that

n oy [cosh mz + cosh m(l —x)
C = ——
cosh ml

.

Tk mD
3.4. The particle whose motion is described by the differential equation
{3.2.20) starts from rest at the origin, and the force mf(¢) is described by

Jiy =0, t<o,
= Pfe,0 < £ < &,
=0, &<t
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where ¢ is constant. Show that the position of the particle after time ¢ is given by

£
z(t) = f E {eﬂ'l(l—ﬂ} - aa,(f,—u)}du_

a] — a2 &

0
Show that as ¢ — 0, (¢} tends to the same expression as is found when the particle
starts with initial velocity P and no force acts subsoquently. Why is this ?

3.5. Some particular integrals.
Given the equation
-3+ 22 = f(1),
find a particular integral when
(a) fit) = exp 3¢ (try & = C exp 3¢ and determine C),
{b) f() = sin 3¢ {try 2 = C cos 3t+ D sin 3¢ and determine C and D},
{c) J(t) =2 (try z = Ct2 4+ Dt + E and determine C, D and E),

(d) fit) = e~*cos 3¢ (write e~t cos 3¢ = Refe(-1+3)} and try
z = Cexp{(—1+3i}),

(e) show that such methods break down if f(¢) = et or f(t} = e, and in general
if f{) ia a solution of the auxiliary equation. {In such cases use the second
method given in Section 3.2.)

3.6. Using the gecond method of Section 3.3, solve

(D4 —n%z = cos nt,
given that when t = 0, 2 = 1, Dx = 0, D% = 0, D3% = 0,
{(Hint: write

i

(D24 nx = y, (D2—nl)y = cos nt,
and prove

1 1 . 1
xr = %(1—2—?‘4) cosm—ﬁtamm—ﬁ(l+@) cosh ni.)

3.7. Discuss the problem of a system of first order reactions (Section 3.4) for
the special case n = 2, showing that the values of A are then zero and (k124 %21).
Discuss the similar problem for n = 3, showing that the cubic for A is
AMA2— Mkaa + kyz+ ka1 + Ers+ Fra+ kaa) + (Reza + k12 + kos)(ks1 + krs + k21)
—{k2a— kra)(kaz—k12)} = O,
and hence that the non-zero roots have Re{A) > 0.

3.8. A particle of mass m moves in a centrel field of force, the force being
—mar (where A is conatant) when the particle is et r. Prove that the particle
moves in one plane and that its orbit is an ellipse with centre at the origin.

A magnetic field H is then imposed, and it is given that the particle carries charge
e and experiences & force et x Hfe due to the magnetic field (¢ being the speed
of light). If H is perpendicular to the plane of the original ellipse, prove that ite
effect is to meke the orbit rotate with angular velocity eH/2me (Classical Zeeman
effect).

3.9, Carry through the analysis of Section 3.5 for the pair of equations
(LD + R)zy + MDzy = Eeo¥t,
MDz, 4+ (LD+ R)zy = 0

il
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(where L, M, R, K, p are constants) which describe coupled circuits. Obtain the
gonoral solution (valid provided L # M and (L + M)y # R)
R—uL Eeo—ut
L2—M2 (u+ M) (p+A2)’

@ = Ajjeht+ A getit 4

B+ xnL B4 AL ulM Eo-#t
= - Aot — et .
2 M M VI et Ae)
R R
where N = ——— Ag = —



CHAPTER 4

LAPLACE TRANSFORM METHOD OF SOLUTION
OF ORDINARY LINEAR DIFFERENTIAL EQUATIONS
WITH CONSTANT COEFFICIENTS

4.1. Introduction

An unsatisfactory feature of the methods so far described for solving
ordinary linear differential equations with constant coefficients is the
difficulty of finding particular integrals. This difficulty is highlighted
in Section 3.3, where our second method gives the particular integral
for an nth order equation as an n-ple integral: the first method is even
more vulnerable at this point, since it depends on experienced guess-
work or on manipulations of doubtful validity and inadequate scope
(not treated in this book).

A second difficulty—if the problem is solved by our second method—
is the cumbersome form taken by the initial conditions that are to be
inserted at each integration. Here again, as far as marching problems
are concerned, the first method makes still heavier weather. The
solution is first written in general form, with a particular integral
(assumed known) and # arbitrary constants multiplying linearly
independent solutions of the auxiliary equation, Then the initial con-
ditions are imposed and the adjustable constants determined by solving
n simultaneous linear equations.

Both of these difficulties can be met, and reduced as much as possible,
by a method of solution essentially due to Oliver Heaviside but now
developed in terms of Laplace transforms, The crux of the method is
the reduction of a differential equation for z(¢) to an algebraic equation
for its transform &(p), which is derived from z(f) a8 shown in (4.2.2)
below. The algebraic equation incorporates the information supplied by
the initial conditions. Its solution for Z(p) is straightforward, and
there remaing the derivation of z(¢) from its transform #(p). In Seetion
4.2 the method is expounded in its simplest application—to the linear
equation of the first order with constant coefficients. Later sections

88
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extend the application to equations of any order and to sets of simul-
taneous equations. For problems of this kind the Laplace transform
method is so much more economical and effective than other methods
that it is almost always used in research work, for instance in electric
circuit analysis.

The introduction given here is a brief and utilitarian account of the
Laplace transform method: it is adequate for the ordinary differential
equations that arise in physical chemistry. A more complete account
will be found in Churchilll and Carslaw and Jaeger.?

4.2, The linear equation with constant coefficients
Given

ag—v-i-bx = f(t), ¢t > 0, (4.2.1)

with z(0) = 2, let us multiply each term by exp(—pt), where p is
positive, and integrate from ¢ = 0 tot = c0. We assume that the given
function f(#) is such that

? Fitye-rids (4.2.2)
0

exists for all p greater than a certain pg, and that the integrals contain-
ing the unknown functions z(t} and dx(¢)/d¢ have the same property.

The expression (4.2.2) is then a function of p and not of £, It is
called the Laplace transform of f(t) and is denoted by

25},
or by f(p). Similarly the Laplace transform of z(f) will be denoted

by &(p).
The usefulness of this transformation of the equation (1) appears
when we examine the transform of dzfd. For

0
dz de
FL—) = | —ept
{dt} _[dte dé
0
©
=Ie_?‘dz
0

= [xe—#]"~ ?x( —pe—rt)dt
0 ¢

] p;’a—-xo (4.2.3)
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provided ze—?* vanishes at # = co. Thus the differential equation
transforms into the algebraic equation

a(pE —x0) +bE = f(p), (4.2.4)

and this we may solve for # to get

7 = [®)tazo (4.2.5)
ap+b

Thus we have found the Laplace transform of x(2) : moreover the initial
condition z2(0) = zp has been incorporated into our solution, showing
its presence by the term azg in the numerator in (5). If we could deduce
z(t) from a knowledge of #(p) our problem would be solved. It would
of course be necessary to check that the assumptions on which our
solution has been derived are in fact obeyed, namely

z(tle?t - 0asi - o©
a.nd 0 ]

§ x(t)oride
o

® * exist for p > some pg. (4.2.8)
d_x e~ Pidt
dt

0

Our situation is like one in which we have “reduced a problem to
quadrature’’. In that case it remains to evaluate an integral, i.e. to
construct the function whose derivative is the integrand: this is done
either by use of tables or (ultimately) by reference to experience of the
results of differentiating. Here we can proceed from #(p) to z(¢} either
by use of tables of transforms or by reference to accumulated experience
of transforming elementary functions. We choose the second method
and so construct our own table, but the reader will find lists of trans-
forms in the references given on p. 114,

We first observe that it follows directly from the definition that if &
is a constant

Llha(t)} = kL&), (4.2.7)
and that
Llart) +zal)) = L))+ Llza®)), (4.2.8)

so that in general
-59{; Arfr(t)} = ; Arg{fr(‘)}'
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This character of the transformation is described by saying that it is
limear.

We now proceed to obtain a few simple transforms for our dictionary.
If «is real

(o]
Flert) = [e--aidi = , provided p > a. (4.2.9)
0

p—u
If «is complex it is easily proved that the same formula holds provided
» > Re(z). Writing « = §+1iy we have

1

PleGHnt = ——
p—p—iy

and taking real and imaginary parts we have

p—B

Zfet cos yt} = m ) {4.2.10)
Zfeft sin yi} = m (4.2.11)
Putting § = 0, we obtain the important special cases
F{eos yt} = ;p;zyz , (4.2.12)
Zfsin yt} = 3—92—1;5, (4.2.13)

The equation (9) ocbeys the conditions under which we can differentiate
with regard to the parameter «. Differentiating r times we get

r!

Plpreaty = 4.2.14
o) = =y (4.2.14)
Proceeding to the limit as « — 0 we obtain
r!
Zr = el (4.2.15)

which could have been obtained directly by integrating by parts. We
have already obtained a list of transforms long enough to enable us to
golve many elementary problems.
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Ezample. It is required to solve the equation

de
—+2x = cost,
d¢
with the initial condition x(0) = 1.
Since
?

Z i} = ,
{cos £} P

we obtain, by substituting into (5),

pf(p?+1)+1

#p) = pi2

_ pEP+p+l
(P2 +1)(p+2)

To interpret (17) we express it in partial fractions as

2p+1 3
1}( 5 +—) ,
P2+l p4+2
and by reference to (9), (12) and (13) we find
z(t) = $(2 cos t +sin £+ 3e~2¢),

(4.2.16)

(4.2.17)

(4.2.18)

We observe that (18) satisfies the conditions (6) provided we have
worked with p > 2. A check by substitution shows that it is the

correct Bolution of (18).

4.3. Methods for the inversion of a transform
If fip) = Z{f(t)}, we may extend our notation to write

fe) = -Yf(o)},
which we read as

“f(¢) is the inverse Laplace transform of f(p)”.

(4.3.1)

The process of finding f(¢) from f(p) is called the imversion of the

transform.

Our definition of #{f(#)} ensures that the transform of a function
is unique whenever it exists. We have assumed without mention that the
converse is true, namely that given f(p) there is one and only one
J(#) of which it is the transform, The proof of this uniqueness is given
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in Lerch’s theorem, where conditions for its validity are stated. Lerch’s
theorem is discussed in the following texts:

R. V. Churchill, Modern Operational Mathematicsl
H. S. Carslaw and J. C. Jaeger, Operational Methods?

The reader who has understood the previous sections can proeeed to
solve problems by the use of the Laplace transform, obtaining the
operational solution and then inverting entirely by reference to tables
of transforms. But if he wishes to have a deeper understanding of the
step-by-step correspondence between the problem and its mathe-
matical analysis he will wish to follow the process of inversion more
closely rather than by rule of thumb. He will then find the ensuing
discussion useful.

Our power to invert a transform is greatly increased by the following
theorem, which enables us to construct the inverse of the product of
two transforms whose separate inverses are known,

The convolution theorem

If
LYf(p)} = f),
and
L-UYg(p)} = g(t),
then

1
2-Yf(p)j(p)} = g flelglt —7)d. (4.3.2)

The proof, in outline, goes as follows: we have

o]

fp) = [e#fr)ar,

0

o0
§(p) = [ePuglu)du,
0

so that
o) =

|
Ew

= | [eperif(z)g(u)drdu,
0

e~ Pif(t)de Oj? e Plg(u)du
0

where 1 has been written in place of £,
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We now make the change of variables
T=7
% =t—1.

[The reader whois unfamiliar with the technique of changing variables
in a multiple integral may refer to Courant: Differential and Integral
Calculus® (Vol, 11, Ch. 4).]

The Jacobian of this transformation is

o(r,u) _ 1
a(z,f)
and the quadrant of the (1, %) plane (see Fig. 4.1) is described by allowing
7 to vary from 0 to ¢, and ¢ from 0 to 0. The double integral is then

v

uvry =¥

judr=te 8t

T

4]

Fia. 4.1. Change of variable in double integral.

regarded as the limit of the sum of strips lying at right angles to the line
which bisects the angle between the axes of 7 and . Thus

0 t
fo)g(p) = § die~24{ { f(z)g(t —7)dz}
Q 0

i
= &£{ [fla)gtt—1)ds}, (4.8.3)
0

which is the required result. A simple change of variable shows that
the right-hand side of (3) is equal to

¢
2{ [ f(t—)g(x)ds}.
0
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It should be noted that the above formal derivation of the convolution
theorem is incomplete, since it has not been shown that the integrands
all obey the conditions required for the validity of the change of variable.
A proof which includes such considerations may be found in

R. V. Churchill, Modern Operational Mathematics.:

It is sufficient that f() and g(f) be sectionally continuous and that as
t — o they do not diverge more severely than exp af, where « is some
constant. These conditions are usnally satisfied in the problems with
which we deal.

The convolution integral is sometimes indicated by the notation

L
fO*g) = | foglt —)dr. (4.3.4)
0
Example (a). Since
1

prp = Plent},

L = Plest),

p-p

by the convolution theorem

1

t
= @ a1, B(t—z}d
pap—p = Lo

= & {eﬂt( 1 e(a—.ﬂ]r)z}
a—p ]

y{ ! (e“‘—e“)}. (4.3.5)
-y

i

This result could also have been obtained by expressing 1/(p —a)(p — §)
in partial fractions.

Eoymple (b). Since
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then

t
ZWIZ'H’Z) = % {I :T’;% sin y(¢ —-r)dr}. (4.3.6)
0
The integral on the right may be evaluated by integration by parts.
Example (¢). Def. The Heaviside step-funciion H(t —1g) is defined by
H{t—t) =0, t < to,
=1, t=t. (4.3.7)
It is represented graphically by the simple unit step shown in Fig. 4.2.

H(F-p)

% .
!

F1c. 4.2. The Heaviside step-funotion H(t—2o).

We find

P{H(—tp)} = a} H(t —to)epide
0

a0
= {e~ptds
‘o
= 4}
(4]
P ty
1
= — g~ Plp, (4.3.8)
¥4

An important special case is obtained by taking {y = 0: then

LH(} = % . (4.3.9)
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Note : If we refer back to (2.9), putting « = 0 there, we gee that

20 = ;ID.

How is this to be reconciled with the formula (9)? We must remember
that the Laplace transform utilizes only that part of the transformed
function which lies in the range 0 < { < o. Values taken by the
function in the range ¢ < 0 are irrelevant. Thus the transform of 1
and the transform of H(¢) are identical because the values taken by
these functions in the range 0 < { < oo are identical. From the
standpoint of physics, we are concerned with the behaviour of a
system subsequent to a certain origin of time. We are given initial
conditions at that origin of time: what happened before ¢ = 0 is
irrelevant—it does not affect our solution except through the initial
conditions.
We can now write

£
L ip) = 2 | -,
p 0

But H{t—7) =1 when =1

=0 when 17 >¢,
so that

¢
! fip) = &£{ | flx)dz}, {4.3.10)
2 0

and we see that multiplication of a transform by 1/p corresponds to
integration of the original function from ¢ = 0 to ¢ = ¢.

Example (d). Let us define, by superposition of two step-functions,
1
Ao, &) = - (H{t~ (to— )}~ H{f— (to +e}}] (4.3.11)
The graph of this function is shown in Fig. 4.3. The area of the
rectangle standing on the axis of ¢ is unity. We can rewrite (11) as

Afto, &) = 0, t < ty—e,

1
=—2—e, o~ St <ip+s,

=0, to+e S ¢,
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Then

1 %te
Z{Al, &)} = o § e-ptds
to—t

= — .._.1_. {e—p(tgﬂ) _e—p(co—c)}
28p

= opto SR PE (4.3.12)

pe
Now let ¢ — 0, so that the rectangle, of width 2¢, height 1/2e and
unit area, tends to a limiting configuration of zero width, infinite

B4, €}

{
0 5

¥1a. 4,3. The function A(te, £).

height and unit area. This limit, the “infinite spike” is the Dirac
delta-function 5{t —ty). We write

5(t—tg) = lim A(to, 8). (4.3.13)
&0

If we assume that the order of the operations

o0
Lm and [...d¢
&0 0

can be interchanged, we obtain

P{5(t —to)} = lim e—Pto sinh pe
&~0 pe

= &Pt (4.3.14)
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(siince sinh pe = pe +higher powers of pg). Thus e~?% is the Laplace
transform of (¢ —£p).

‘There is another approach to this question that is illuminating. Let
us examine the expression

[ 8(t—to) fl)de.
0
Thuis is

§ lim A(to, €) f(£)ds.
0 €0

Now

o« dote
¥ atw, ) st = o Troa
= % ff(¢o+§)df
-5 S0+ &)+ 10+ . JdE

= o {flt0). 26 +/7t0) 4 26+ ... )

— fl(to) as & -0,

8o that formallyt (i.e. presuming that the various manipulations of the
working can be justified)

| 8(t—to) f(1)At = filo). (4.3.15)
0

Thus the delta-function, occurring as part of an integrand, picks out
the value of the remaining factor of the integrand at the point where the

{The properties of the delta-function and the step-function are treated with rigour
in the theory of distributions. See Lighthill, M. J.: Fourier Analysis and Qeneralized
Functions A

Note that in {15) it is quite unnecessary that the lower and upper end-points of inte-
gration should be 0 and co. All that is necessary is that £ should lie between them.
Thus

b
| d(t—to)f(t)dt = 0 if ¢ lies outside (, b)
a

= f(to) if 2y lies in (o, b).
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delta-function is discontinuous. Applying (15) to the Laplace integral
we get

Z{o(t—tg)} = [ o(t —to)e~Pids
0

= e—Pto,
ag in (14),

Using (14) with the convolution theorem we have

£
e?2f(p) = £{ [ 6(t—a) fit - 1)d}.
0

FHHLA
FF-a)HiF-a)

o a

¥10. 4.4. The shift operation,

Now if « lies within (0, f} the integral becomes f(t—«), while if «
lies outside (0, ¢} the integral is zero. Thus the integral can be evaluated
as f(t —a)H(t —«). Our result can be exhibited as

fo) = Z{fHW)},
e Pf(p) = Z{f(t—a)H(t—a)}. (4.3.18)

Now the graph of f(t—a)H(t—«) is obtained from that of f()H(t)
by a shift through a distance « in the direction of ¢ increasing, as shown
in Fig. 4.4; exp( —pa) is therefore called the shift operator. If a trans-
form is multiplied by exp{—pa) the corresponding function is shifted
through a time «, the ordinate being zerc on the left of ¢t = a.
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4.4, The second order equation with constant coefficients

The Laplace transform method extends immediately to differential
equations of higher order. Reverting to (3.2.6), which is

E4+2b2 +cx = f(E), «(0) = xo, %(0) = uo, (4.4.1)
and applying the Laplace transformation, we note that

LU0} = je-rtd (%’i)

a3
dz dx
=| —et — e—ptd¢
[dt © ]:’Lp _[dz ¢

0

- sot-z0- (£)
= PP 0 at ) o

= 2% —pro — U (4.4.2)

provided we assume that z, dz/d¢ and d%z/d¢? obey suitable restrictions
concerning integrability and convergence. The differential equation
transforms into

39237; —PTp ~Up +2b(P$E —.'L'(]) +eZ = f(?)’
ie.
F+(p+2b)xo+up
Pi+2bp e

x-=

_ F+(p+28)z0+uo
(p—a)p—az) ’

where a3, ¢z have the same meaning as before (Section 3.2). Then
if f(t} is known f{p) can be found, and the solution z(f) can be dis-
covered by looking up in a table of transforms the expressions that
make up the solution #(p) in (3).

We observe that

(4.4.3)

(p+2b)xo+uo _ {(p— o1 —aa)xo +ug
(p—a1)(p —az) (p—a1}{p—aa)

- .‘Z’|: : {uo(ealc"'e“")—xo(aze“l‘—aleﬂz‘)}].
o) — &g o

(4.4.4)
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As for the term containing f, we see that

A -
(p—oa)(p—aa) ow—a2\p—o1 Pp—oag

= 2] - renenan - fjcqeminas
0 [§]

o] — g
(4.4.5)

by the convolution theorem. Thus we have the same result as in
(3.2.11).

4.5. The linear equation of order n with constant coefficients
Given the differential equation (3.3.2)

LDy = Doz a1 D +asDP 22+ ...

+a.Dri-rte+ ... +anx = f(£), £t >0, (4.b.1)
with
z2(0) =z, 2(0) =1, ..., (Dﬂ—lx)‘ ° = Zn-1,

we wish to solve for z(¢). Since

L{Dr()} = | epdDr-1(z)
1]

= [e=PDr-1(z)] +p | e-PDr-1(z)dt
Y 0

= pL{Dr-1a)} ~zr
(provided e #tDr-1(x) - 0 as ¢ — o0)
= plp LD 2z)} —tr_5] = 2r-1 (4.5.2)
and so on, we transform (1) to get
PrE—pr=lzg—p" 2 .., —PXp~g—Tp—1
+a1(pP 1 —p" 2o ~p 321 . . . —Tp-2)
+as(pt2E—p" 82y ...)
+ ...
+anZ = f(»),
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ie.
(PP +a1p™ 1+ ... 4@+ ... +ay)E(p)
=f(p)+ (PP +ap i+ ... +aa-1)%o
+{PP2+arpt i+ ... +an-2)ry
+ ...
+{p+a:)2n-2

+ZTp-1. (4.5.3)
Thus
_fte) + B(p)
Lp) '
where R(p}is the polynomial of degree # — 1 which appears on the right-

hand side of (3), and L(p) is the polynomial of degree » obtained by
substituting p for D in the operator L{D) in (1).

Z(p)

Heaviside's formula
We seek a formula for the inversion of the transform

R(p)[L{p), (4.5.4)

where L(p) is a polynomial in p of degree » and R(p) is a polynomial
of degree less than n. We first write

L{p) = rI:Il(iv —ar), (4.5.5)

where the z roots ay of L(p) = 0 are agsumed to be all different, but may
be complex. We use partial fractions, and determine constants 4, such
that )

R(p) 2 A4

I " i w9
Then

R(p) = )_:,ArHr*(p—a), (4.5.7)

where II,*(p—a) is the product of all the factors of L{p) except
'p —ay). Putting p = arin (7) we see that all terms on the right vanish,
sxoept that containing A,, and

R(oy) = A *(ar—a).
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If we differentiate L(p) we obtain

L'(p) = Mi*(p—o)+M2*(p—a)+ ... +a¥(p—a),
so that

L'(ar) = Ty*(or —a),

all the other terms on the right vanishing owing to the presence of the
factor (p —a,). Hence

R(ar) = ArL'(ar)

and
R(p) & R(ey) 1
&(p) _ , 4.5.8
® = % Ta) p—or (4.5.8)
so that
" R(P)} L R(“r)
P10 = —~ eart, 4.5.9
{Lm = T(ar) a9

This is Heaviside’s formula, available when the «, are all different.
If the «, are all real, (9) is the final form. If there are complex roots
%, they must occur in conjugate pairs. Let f+iy be a typical pair.
This pair gives rise, in (9), to the pair of terms

BB+1Y) (rine o BE—17)

+_—‘e(3—‘7)¢
L'(B+iy) L'(B—2y)
R(B +1iy)
= eft QRel{——— "7 girt 4.5.
: {L'<ﬂ+z'v)° } R
= eBt B cos (yt+9), (4.5.11)

where B and § are constants depending on f and y, found by evaluating
(10).

If we wish to invert R(p)S(p)/L(p), where R(p) and L(p) have
the same meanings as above, and S(p) is some other function of p, we
first seek the function of which S(p) is the transform. Then we cast
R(p)/L(p) into the form (8) and invert by means of convolution.

Example. We solve the equation
(DA—mix = f(t), t > 0, (4.5.12)
with x = zo, Dx = 0, D% = 0, D3(x) = 0 at ¢t = 0.
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Transforming (12) according to the rule (3} we get
p4E —piro—miE = f(p),
80 that

i »? 1
£ = g zg +p4_m4f(p). (4.5.13)

In the term containing p in (13) we have, with the notation of (4)

R(p) = pixo,
L{p) = pt—mt = (p—m){p+m)(p —im)(p +im),
L'(p) = 4p3.

'Thus R(p)/L'(p} = }xe, and the inverse of the first term of (13) is
Hemt 4 e~mt 4 etmt 4 g~imt)y
= 4(cosh mt + cos mt)xy. (4.5.14)
The second term of {13) must be inverted by means of a convolution.

| 1 1 + 1 1
p—mi dmPp—m 4(—-m)Bpi+m

+ 1 1 + 1 1
4(im)® p—im  4(—im)3 p+im

_ 1 (pl 1 L ? )
dmP\p-m pI+m p—im p+im
go that

.5"1{p ! } - L(sinh mé —sin mt)

4_ma 9m3

and

g1 {%} - of f(x)sinh m(t — 1) —sin m(t — <)jdx.
(4.5.15)

The solution is the sum of (14) and (15). (14) represents the response
of the gystem to the particular conditions of starting, while (15) gives
the response to the disturbing force.
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Repeated roots of L(p)
Let L{p) contain the factor {p —a)2. We write

R(p) 1

— = ——— Q(p)
Lp)  (p-ap L

A
A, Ao, (4.5.16)
p-a (p-a)f

where Ay and A are to be found, and @*(p) contains no factor (» — a)
in the denominator.
Multiplying by (p — )2 we have

Q(p) = Ay(p—o) + A2+ Q*(p)p —a)®. (4.5.17)
Let ¢ —» «, then
4y = Q(a).
Differentiate (17) with regard to p and again let » — a, and we obtain
A; = @'(a).

Then the terms in
PR
Lip)
that correspond to the factor (p —«)2 in L{p) are
Q'(x)ex + Q) tent. (4.5.18)

The extension of this formula to the case where L(p) contains a factor
(p —a)™ is given in Exercise 4.7.

4.6. Sets of simultaneous equations
(@) The set of simultaneous first order linear equations with constant
coefficients
Many of the sets of equations which describe chains of chemical
reactions are special cases of the general type (3.5.2), namely

(@rsD +bye)zs = filt), ¢ >0, (4.6.1)

where D represents d/df and r, s take values 1,2,..., n. These are
to be aolved with the initial conditions

Xy = Xa0d WhEIl t=0. (4-6.2)

(We use the summation convention as in Sections 3.4 and 3.5.)
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Transforming with regard to f we obtain

Crs(PZs —X50) +brss = fr(P),
ie,

(@rsp +bes)Ts = fr(p) +arstso. (4.6.3)
We: denote arsp +brs by ¢rs, det ¢rs by C, and the cofactor of ¢, in C
by Cys. Then the solution of the set of equations {(3), rewritten

Crsfs = fr(D) +ars2s0,
is obtained by multiplying the rth equation by C,; and summing over 7.

Using the fact that
erCﬂc ES 5:;];0

(O = 0if 5 £ k, 6y = 1), we see that all terms on the left vanish
except O, so that

qu = er{fr +arsx80}-
This solution

_ C,
Zg = ﬁ {fr +arszso} (4.6.4)

is the sum of n2 terms, since both 7 and 8 are to be summed over all
values. For a more detailed account of this procedure for solution of a
set of simultaneous linear equations, see

Margenau, H. and Murphy, G. M., Mathematics of Physics and
ChemistryS (Section 10.9),

U is a polynomial in p of degree », and Cy; a polynomial in p of degree
n—1. Thus the right-hand side is a function of p and may be inverted
(e.g. by Heaviside’s formula) to give the solution z,(t).

Comparing this treatment of the equations (1) with that of Section
3.5, we see that the incorporation of the initial conditions into our
solution at the early stage (equation (3)) makes for very much simpler
algebra. The conciseness and economy of our notation is deceptive, and
particular problems, such as the following Example, may sometimes be
solved more easily by ad hoc methods.

Ezample. In Section 3.4 we obtained, for consecutive chemical
reactions of the first order, the equations

& = —kxy
Gy = Fwi—koxs ¢ £ >0, (4.6.5)
i3 = koza

with x1(0) = 210, ¥2(0) = 0, z3(0) = 0.
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Transforming, we have

pEL—210 = —kiFy,
Py = kid) —kefa,
_’pﬁs = kﬂfzy
8o that
. %10 - ki k1210
1 = , Xg = == .
p+ky p+ks  (p+ki){p+ka)

If we want to find only z2 we invert Z3 and obtain
_ kix1o (p 1 1 )
mz = - ]

ka—Eki\p+k1 p+ke

Z1o(e k1t —ekat),

o et

a8 in {3.4.4). One of the advantages of this method is that we evaluate

only that part of the solution which is desired.

In Section 3.4 we considered the general problem of solving the
equations of radioactive breakdown. There the boundary conditions
were left unspecified. If they are given, as is common, in terms of the
initial concentrations of the various products of the series, the Laplace

transform method becomes by far the most economical.

Thus the problem is specified by the differential equations (3.4.6)

and boundary conditions:

£ = —kin 31(0) =10
Zy = kixy1—kexe x2(0) = 220
Fr = kpaTr-1—krxy 2¢(0) = 2o g

En-1 = Kn-9%n—2 —kn-1¥n-1 Za-1(0) = Z(n~1)0
Zn = kn-1%n—1 2u(0) = zao

Transforming these equations, we obtain

(2 +&1)%1 = 0,
—k1%1 +(p+ka)Zs = Z30,
— ke 1T+ (p+ kr)-"-;r = Xy,

—kyoZn-5+ (P +bn-1)En-z = Z(n-1)0s

—kp—1Zn—1+PTn = Tgo.

(4.6.8)

(4.8.7)
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These equations could be solved by the use of determinants as in the

gieneral theory. A more elementary method, however, is quicker, and
we observe that we may write

- Z10
xy = ,
p+k
_ X320 ky
T = + Z
2 Ptk ptks '
Z20 ky
= + 10,
pt+ka (p+ka)(p+k)
x k k
In = 80 + 2 xgo + 2k1 Zi0,
p+ks (p+ks)p+ke) (p+ka)(p +ka)(p + K1)
and so on,

In the simplest case, where all 2,9 are zero except 214 (8 start from a
pure substance), we have, assuming %, all different and using Heaviside's
method,

- = kr—lkr—-z e kl %10
(p+ke)p+ke1) .. . {p+F1)

— i kr—lkr_—g . n kl:cm 1
o<1 (kr~Tsg) . .. (ksr1—kg){leg—1—ks) . . . (kl—ks)P"‘ks,

¥
x,(t) = z kf'-lkr—2 « s klxlo

o~ ki,
s=1 (kr"'ka) e (ks+1 ‘—ks)(ks—l —ka) e (kl—ks)

(4.8.8)

This formula is valid for # = 1 to r = n—1, but not for r = n owing
to the deviation of the final equation of (7) from the pattern of the
others for which » > 1. The expression for x,(p) is easily found and
can be cast into partial fractions for inversion ; but the simplest method
of obtaining z,(t) is from the fact that

T1+Z2+ ... +%5 = Zj0.

Thus if we have found z.(f) for r £ n-~1 we subtract their sum
from 210 to obtain z,().
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(b) Sets of simultaneous equations of higher order

Given a set of linear equations, of order higher than the first, with
constant coefficients, we can proceed in the same manner : transform
the equations, solve for the transforms of the dependent variables, then
invert. We illustrate the method by a worked problem.

Example. Returning to the problem of Sections 1.2 and 3.4, where
the equations of orbital motion under restoring and gyroscopic forces
were

F—2yg+ Az = 0,

G+2pE+ly =0, >0, (4.6.9)
we find the motion following the initial conditions
2(0) = a, #(0) =0,
y(0) = 0, §(0) = V.
The transformed equations are

(p% + )Z—2ypF = pa,

2ypZ+(p2+A)F = 2ya+V, (4.6.10)
with solution
= 1 {apd +(ad +4ay2 +2¢V)p}, (4.8.11)
f(o)
§ = —— (Vg2 +(29ad + V),
f()
where f(p) = (P2 +2)% + 4y%?
= (p% +a)(p%+ B2), (4.6.12)
in which we have introduced p = 4/(4+y2?) and written
- «=uty,
B = p—r. (4.6.13)

To invert the operational solution {11} we need the partial fractions

1 1 (pl 1 )
fo)  2—p\p+a® p2+pY)’
2

ad 1 (paz _ B2 )
f@) BA-p\pP+ad pr+p)’
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whieh lead immediately to the formulae

1 1 /1 1
£ I DU G e B
Z {f('p) e, (oc sin e 3 sin ﬁt),

F-1 {_p_} = hzl-— (cos at —cos ft),

TH

1
—— {x sin «f — B sin Bi),
dyu

1
— (a2 cos ut— B2 cos fit).
dyp

Inserting these formulae into (11) and simplifying we obtain the
solution, giving paramectric equations of the orbit :

AN

A
L
S
A s

Il

2ux = a(p cos ab +o cos ft) + V{ —cos «f+cos ff),
2py = a(— B oin af +a sin St} + V{sin of +8in Bi). (4.6.14)
This is best interpreted by use of the complex variable z = & +1iy
2uz = a(fetet + qetft) + V( —e—lat 1 elht)
= o~ {{ga + V)elt +(aff — V)e~tut}

= Qule—tv (4.6.15)
where

2uf = a(a+ ) cos pt +i{a{a— B)+2V} sin
= 2pu0 cos pl+1(2ya +2V) sin ut. (4.6.16)
Thus if { = &+in, € =acos pb, n = {(ya+V)/p}sin ut, and (£, n)
moves on an ellipse of semi-axes a, (ya+V)/u. Meanwhile, since 2
is derived from { by multiplication by éxp{=~iyt), 2 moves on that

ellipse as it rotates with angular velocity y. Our result thus tallies
with that of Section 3.4, (16) being identical with (3.4.38).

4.7. Transforms of periodic functions

Def. The funotion f{t) is periodic with period 7 if, for all ¢ and
all integers £,

FO+ET) = f(0).
For such a function

T 2T (e+1)T
2{f)} = J flte—ptdt + 5[1 f@e2tdt+ ... + kj'Tf(t)e—ptdt + e
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In the general term, we write ¢ = kT +1t, and using f(kT +1) = f(1)
we obtain

T
e~PkT | f(r)e~?* dx,
0
8o that
o T
2{ft)y = Y eI [fit)ePtdt
k=0 0
1 T 3
e (j) ft)e—»tdt.
Example. If

f&) =1 when 0 <t < 31T
= —1 when 7 <t =T

and is periodic with period 7', then

Tf i v . T i
[ft)eptdt = [ePtdt— [e—Ptdt
0 0 iT
iT
= [e Pl —epT)dt
0

(l = e—lPT)z’

|-

so that

1 1
LYO = T 5 Ao

11—e-iT
e p l4e- 12T

= 2 tanh }pT.
b4

This ‘“square wave” or ‘“‘meander function” is shown in Fig. 4.5.
Transforms of other periodic functions are given in the Exerciss at
the end of this chapter. Such functions are useful in problems where a
periodic disturbing force is acting, for instance problems conceming
electric circuits.
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7tH

; T ——
- - -
b

Fi1a. 4.5. The square wave.

4.8. More advanced methods

The reader may ask whether there is not some more general and
powerful method of inverting a transform than those so far exhibited.
Can we not golve the equation

f(p) = JePif()ds (4.8.1)
0

to obtain an explicit expression for f(¢) in terms of f(p), as for instance
by an integral containing f(p)?

The answer is that such an expression does exist, but since it involves
integration along a contour in the complex plane we merely state the
inversion theorem here, referring the reader to other texts for proof and
applications.

Inversion theorem

If f(p) is a function of p (regarded as complex variable) that is
analytic in some half-plane Re(p) 2 y, and for which | pf(p)| is
bounded as | p | & oo in the same half-plane, then

1) = 5= feotftrran, (4.8
L

where L is the Bromwich contour, which runs parallel to the imaginary
axis from ¢—~$oo to c+400, where ¢ = 7.

Various methods are available for the evaluation of the inversion
integral which oceurs in (2). It may be converted into a real integral
by change of variable with distortion of path, it may be evaluated by
residue theory, or it may give an asymptotic series for f(f) by the
method of steepest descents. These methods are dealt with in

Churchill, R. V., Modern Operational Methods1

Jeffreys, H. and Jeffreys, B. 8., Methods of Mathematical Physics.8
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In applications of the Laplace transform method, it is desirable to
make use of a Table of Transforms. The most extensive table that is
generally available is

Erdelyi, Magnus, Oberhettinger and Tricomi, Tables of Integral
Transforms,” Vol. 1.

A short table, easily accessible to chemists and physicists, will be
found in

Handbook of Chemistry and Physics.8
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Exercises

{All of the following exerciges should be attacked by the Laplace transform
method.]

4.1, (a) Given dxfdt = —kz, ¢ > 0, with (0} = xy, solve for z(¢). (Compare
Section 3.1,)

{b) Given dx/dt+kx = F(t), ¢t > 0, with 2(0) = x9, solve for x({). Find 2(¢)
if F(t) = myge~m¢, (Compare (3.1.9).)

4.2. Given &4 n2% = f(t), t > 0, 2(0) = we, £(0) = uo, solve for 2(t). (Compare
(3.2.81).)

4.3. Given {L(D)}z = f(¢), t > 0, as in (4.5.1), discusa (a} the case where L{p)
hsas equal roots, (b} the case where f(t) = exp «ot, « being a root of L(p) = 0.

4.4. Given
L+ Mga+q:1/C = 0.] 10
M1+ La+¢¢/C = 0, ’

with
qi{0) = @, §1(0) = O,
g2(0) = 0, ¢a(0) =0,
prove
q1(t) = $Q(cos mE 4+ cos nt),
where

m? = {O(L-M}1, n?= {C(L+M)?
(8s in {3.3.28)).
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4.5. Given
Ly + Mia+q{C = E(U.} >0,
Mg+ Lia+g2/C = 0,
with ¢1(0) = 0, ¢1{0) = 0, ¢2(0) = 0, §2(0) = 0, find ga(t}. (Compare {3.4.28).)
4.6, Given (D4—nijz = cosat, ¢ > 0, with 2(0) = 1, (0) = 0, #0) =0,
x (0) = 0, prove

1 1 1
- —_— {—— ¢ in nt— — X
x{t) 5(1 2%4) cos nl— ¢ sin n? i(l + 2n4) cosh nt

4.7, (Heavigide’s formula.) If in (4.5.4) L(p) contains the factor (p — «}™, show
by the method of Section 4.5 that the inverse transform of

Bp) _ 1
Lip) = e o
econtains terms
m Qm-s}g) -1
L m—e) BNt

corresponding to partial fractions arising from the factor {p —«)™.

48, If &) =1 when 0 <= 4T,
=0 when T <¢= 7T,
and fie+T) = f(2),
prove fipy = -2—15 et?T gech pT.

49. (The rectified sine wave.) Show that the Laplace transform of the function
| sin (2x/T) | is
2T

mcoﬁh T



CHAPTER 5

ORDINARY LINEAR DIFFERENTIAL EQUATIONS
WITH VARIABLE COEFFICIENTS

5.1. Introduction

In Chapters 3 and 4 we have considered only such linear equations
as have constant coefficients. But it is essential to develop methods of
solution which will apply to equations with variable coefficients —that
is, with coefficients that are functions of the independent variable. As
an introduction to new ideas, and to provide a necessary tool, we
treat in Section 5.2 the first order equation with variable coefficients,
called Euler’s equation.

But the main effort of this chapter will be aimed at second order
equations, because of the tremendous importance of such equations
in mathematical physics. They arise in the following way : very
commonly physical laws when translated into mathematical form will
give partial differential equations of the second order, such as Laplace’s
equation, Poisson’s equation, the Wave equation and Schrédinger’s
equation. The most powerful method of attack on such equations
is by separation of the variables : this method leads to ordinary dif-
ferential equations of the second order. The types of ordinary equation
that appear are determined by the choice of coordinates, but all have
the common property that they are linear, usually with variable
coefficients.

In Chapters 5 and 6 we will be concerned with methods of analysis
applicable to such equations. We will not discuss physical or chemical
entities or relationships, but will fashion tools without which the
mathematics describing those relationships cannot be constructed.

Although second order equations are by far the most important,
linear equations of higher order are also met in mathematical physics.
Some of the methods of Chapters 5 and 6 can be extended to deal
with equations of order higher than the second. The more general
theory is given by

Ince, E. L., Ordinary Differential Equations,! Chapters 5, 9, 11.
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5.2. The linear equation of the first order (Euler’s equation)

In Section 3.1 we constdered the equation of natural decay disturbed
by a given function of the time :

d—x+kx = f(#), & > fo, (6.2.1)
dt

k being a positive constant. The equation was solved by the use of an

integrating factor,

Let us now move on to the corresponding equation in which % is a
given function of the time, %(¢). This describes decay in which the
intrinsic rate of decrease of 2 iz at any instant proportional to the
amount of & at that instant, the parameter of proportionality varying
with time. There is also, as before, an externally imposed contribution
f(t) to the rate of change of z. Thus we start from the first order linear
equation

j—f+k(t)m = fit), t >t (5.2.2)

The method that uses an integrating factor, introduced in Section 3.1,
is again available here. We multiply equation (2) by a function g(t)
that is to be such that the left-hand side is the derivative of z(t)g(t).
This entails

gityk(t) = g'¢t),
go that

¢
g(t) = exp [ k(z)dr, (6.2.3)

where the lower end-point of integration can be selected according to
convenience, since a change in it merely introduces a constant multi-
plier into g(¢). (2) is then

d
OO} = fee), (5.2.4)
and so
t
2(t)g(t) — x(to)g(te) = [ flu)g(u)du. (5.2.5)
b

This our problem has been reduced to one of quadrature and is re-
garded as solved. The factor (3) is the infegrating factor and is of such

¥
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importance in this subject that the reader will do well to commit it to
memory. Equation (2) was first solved by Euler, and bears his name,

Ezxample 1. To solve
d—t—ta.ntx = gin ¢, with x(fp) = zo.

An integrating factor is
¢
exp(— {tan z dr)
c

= exp(ln cos ¢ —In cos ¢)
= cos ¢

if we choose ¢ = 0. Hence the differential equation is

d .
—{xcost) = sintcost,
d¢
giving
t
{x cos t]f, = [ sinu cosudu
ty
and
z cos t —xg cos £y = #(sin2 ¢ —sin? ¢).

Bzample 2, To solve
$+(a+bt)x = f(t), with 2(0) = 2.

An integrating factor is
¢
exp | (a+bt)dt = exp (at +be?)
[

if we take ¢ = 0. Henece

%(xeaHibtz} =f(g)eat+lbt2’

giving
¢

xeattibt® _ gz, = | flu)eautivudy,
o
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[An equation like this would arise if we were using « + bf as an approxi-
madtiion to %(f) over a certain range : this approximation is a replace-
memt of part of the graph of %(¢) by a straight line fitted by suitable
choiice of @ and b.]

If” the linear equation has its most general form

d
Polt) ({—wl(t)w = 1) (5.2.6)

we fiirst divide through by pg(t), and then proceed as above : the net
resultt is that equation (6) will have been multiplied through by

¢

i exp JM dr.
Po pol1)

This is valid as long as the range of ¢ that concerns us does not contain a
zero of po(f). The vanishing of pg(t) within or at an end-point of the
range will correspond to some physical feature of the problem, such as
resoniance. If the vanishing of po(f) does not cause the integrals that
contain it to diverge our solution will stand, but if the integrals diverge
the ‘‘solution” will be mathematically and physically unacceptable,
and we will be forced to reconsider the applicability of our differential
equation in the neighbourhood of the value of ¢ where pg(t) = 0.

We now proceed to a more detailed examination of the meaning of
the solution (5). Let us rewrite it using the notation

:
[ k(r)de = K(t), 6.2.7)
so that
g{t) = exp K().
Then (5) becomes

¢
z(t)eX W —x(lp)eXto = | flu)eKMdy
)

or
t
2(t) = zoe~KO-K) 4 | flu)e—KO-Kw)da, (5.2.8)
to
where xg = z(fp).
Here we have exhibited the solution as the sum of two terms. The
initial value 2o appears only in the first, and the disturbing force f(#)
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only in the second. K(t), which appears in both terms, is derived from
k(t) and depends on the intrinsic character of the system.

As in Section 3.1, we will call equation (2) the inhomogeneous
equation, and the equation

:—‘:+k(t)x =0, t>t (6.2.9)

obtained from (2) by putting f(t) = 0, the corresponding homogeneous
equation. We now see that the first term of (8) is a solution of the
homogeneous equation : it represents the response of the system if
left free from external force and started with z(fp) = @o.

The second term of (8), on the other hand, may be isolated by
writing 29 = 0. Let us examine it further. Ifin

t
j'f(u)e‘”‘(‘)"‘(“”du (5.2.10)
to

we put f(t) = 6(t—1T'), it reduces to
e~ (KW—-K() if T lies within (£, t),
0 if T lies outside (to, t),

and since we are interested only in times later than ¢, we may combine
these two expressions into

e~ {KO-KMIH(t -T). (5.2.11)

This is the response to a delta-function disturbance at ¢ = 7. Super-
posing such solutions, we see that the response to f(u)d(t —u) is

flu)e=KO-KW@ H(t —u),

and since an integral is the limit of a sum, the response to

t
Il S(u)o(t —u)du (5.2.12)
to
is
t
J flu)e- kORI H(t—u)du. (5.2.13)
to

Let us take ¢; > ¢, so that the delta-function falls at w = ¢ vithin
(0, t1). Then, by Section 4.3, (12) becomes f(t). In (13), H(t-u) is
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wnity a8 long as fo < % < #, and zero when { < u < #;, so that the
imtegral reduces to

t
§ flu)eBO-K@)idy (5.2.14)

to

(the upper end-point now lying at ¢). Thus the statement containing
(12) and {13) now becomes :

¢
the response to f{¢) is [ f(u)e X ®-Ku)dy, (5.2.15)
to
Formula (15), giving the response to an arbitrary f(¢), is built up from
S(ae) and

e~ (KO~K@YH (t —u), {5.2.16)

whhich is the response to the delta-function. (16) is called the Green’s
fumnction for this system. Returning to {8) we see that the integral
there represents the response to f(f) which ia built up of the responses
to delta-functions,

5.3. The linear equation of the second order

The second order linear equation usually arises from the separation
of space variables in a second order partial differential equation, and
so the single independent variable that enters the ordinary differential
equation will usually be not time but length or angle or some other
parameter of position in space. We will therefore use not ¢ but s to
denote the independent variable. Further, the boundary conditions
will commonly apply at the two extremes of s (as for instance when
temperature is specified at the two bounding faces of a slab) so that the
problems will be jury problems (see Section 1.4).

We are thus led to examine the inhomogeneous equa.tlon (in which
primes denote derivatives with regard to s)

Po(8)2” +p1{s)x’ +pel(s)z = f(s), 80 <8 < 81, {6.3.1)
and the corresponding homogeneous equation
po{s)’ +pi(s)x" +pafs)x = 0, 8 < s < 81. (6.3.2)

We will assume that py(s), p1(s) and pa(s) are continuous functions
of & in (89, 81). Usually they will be simple polynomials. The appro-
priate boundary conditions will be introduced later.
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Certain general theorems have been established regarding the
solutions of (1) and (2). We state them here, referring the reader who
wishes to follow the proofs to

Burkill, J. C., The Theory of Ordinary Differential Equations.> Ch. 2.
Ince, E. L., Ordinary Differential Equations.! Ch. 5.

Theorem I. There cannot exist more than two linearly independent
solutions of the homogeneous equation (2).

(Linear independence is defined in Section 3.3.)
Let us denote any two solutions of (2) by X;(s) and X(s).

Theorem I1. A necessary and sufficient condition for X; and X2 to be
linearly independent solutions is

W(s) = X1 X5—-X1Xs + 0. (5.3.3)
This function W(s) is called the Wronskian of X; and Xs.

Theorem I111. 1f X, and X 5 are linearly independent solutions of (2),
and X *(s) is any solution of (1), then the general solution of (1) is

x(s) = ey Xy +asXo+X*, (5.3.4)
where a; and ag are arbitrary constants.

Example. We find the general solution of
sx" —x' —4s3%x = 83,

The corresponding homogeneous equation is
sx" —a' —4s83x = 0,

and it can be verified by direct substitution or by use of the change of
variable s = ! that the general solution of this is

x = Aet® + Be®,

where A and B are constants. (It is easily seen that es* and e~** have
Wronskian —4s, which is not in general zero, and are therefore linearly
independent, by Theorem II.

By inspection, a particular integral of the inhomogeneous equation is
# = —}. Hence, by Theorem III the general solution of the inhomo-
geneous equation is

x(s) = Ae®* 4+ Be—s* —}.
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Discovery of a second solution of the homogeneous equation when one
solution is known

Let x = Y(s) be a solution of (2). We seek a second solution by
trying
x = Y(s)Z(s),

where Z(s) is to be found. Substituting into (2), we have
P Y Z+2Y' '+ YZ" ) +p (Y Z+YZ Y+ 9o YZ = 0.

Since Y is a solution of (2) the terms containing Z add to zero. We
are left with

oY Z" +(2po Y’ + ;1 Y)Z = 0. (5.3.5)

This is a linear equation for Z’ and can be solved by Euler’s method
(Section 5.2). Hence in principle we can find Z{s) and the second
solution. We note that pg(s) and p,(s) must be such that the integrals
that arise do exist,

Example. Given that 2 = es® is a solution of
2" =282 =22 = 0,

to find & second solution.

We write
x = et°Z(s),
80 that
z' = 2ses’Z +es*Z’
x" = (28 + 4s2e5”)Z + 4ses*Z +e5°Z",
and
¥ — 28’ —2% = e°{(2+482)7 +4sZ' + 2" — 4522 ~ 232" —2Z}

= e™(Z" +2s7').
Writing » for Z’, we see that we have to solve
v+ 20 = 0,

A solution is » = exp( —s8%) (by separation of variables), so that

8
7 = [e’do
and the required second solution ig

8
z = et j'e'“ﬂ"da.
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[The lower end-point of the integral may be fixed at our convenience,
for a change in it merely adds to our second solution a multiple of the
first. Again, insertion of an arbitrary parameter in v means only the
multiplication of our second solution by a constant.]

Reduction of the second order linear equation to standard form

Is it possible by some change of variables to simplify the form of the
general second order equation (1)? Such simplification may lead to the
discovery of properties of the solutions that are obacured by the com-
plexity of the relation between z, its two derivatives, and the forcing
term f(s).

We will show that it is possible to reduce the number of terms in the
equation, and to derive a form that for some purposes is much simpler.
Let us again seek a factor ¢{s) such that after multiplication by this
factor the first two terms become an exact derivative. Thus

qpor” +gp1x’

is to be an exact derivative. The first term is one part of
d '
3, lpez’)-

Equating the second term to the other part we have

d ’ 4
) = S(qpo) = ¢'po+qpo’,

80 that

7 _m_pd

q Do 2o
and :

&
Ing = | 22 ds~In po,
Do

giving

8

1
g = —exp PL g5,
Po Po

The differential equation now becomes

d dr
—| apo — =gqf. 5.3.6
dﬂ(qpo d@) +qpax = ¢ f (6.3.6)
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If we now introduce a new variable #, defined by

de dx
S5 = T 5.3.7
Po ds dp { )
the equation (8) becomes
d2z
— +¢%popsr = ¢2pof. (5.3.8)
dn?

This will be an equation for z as a function of # if po, p2, f and ¢ are
expressed in terms of . This requires an equation giving s in terms
of 5, which is provided by (7) if we write
ds
'I =
q(s)pols)
and integrate. Substituting s = s(#) into (8} we obtain

2
%%H(n)m = g(n), (5.3.9)
b

which is theoretically the simplest form into which the equation (1)
may be transformed. Equation (9) is called the standard form. It is
clear that in practice the difficulties of deriving (9) may be formidable.
We will make use of (9) in Section 5.4 where we investigate oscillating
solutions, and again in Chapter 6 when we seek approximate solutions.
But for other purposes the original form (1) may be more convenient,
especially if & can be given a clear physical meaning whereas # cannot,
or if po, p1 and p» are simple polynomials and we seek a solution in

series, as in the later part of this section.
We note that the discovery of ¢(s) and the change of variable to »
may fail if po has a zero within or at an end-point of the range (s, 31).

Solution of the inhomogeneous equation when solutions of the
homogeneous equation are known

If the solution of the (simpler) homogeneous equation (2) is known,
can we use it, as with equations having constant coefficients, to find
the solution of the inhomogeneous equation (1) We can, by the
method called variation of parameters and due to Lagrange.

Let Xi(s) and X2(s) be known linearly independent solutions of
the homogeneous equation (2), Then by (3)

W(s) = X1 X' —X1'Xs #+ 0. (6.3.10)
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We now make the assumption that a solution of (1) may be found in the
form

x(8) = ua(s)X1(s) +ua(s)X a(s),

where u)(s) and ua(s) are functions which we have to discover. Dif-
ferentiating, we obtain

2'(8) = w1 X1 +usXo +ur’' X1 +ug'Xo. (6.3.11)
Let us demand that the unknown functions satisfy
w' X1 +us'Xe =0, (5.3.12)
so that in (11) only the first two terms remain, Differentiating again we
find
2'(8) = X1 " +ueXo" +ur' Xy +uo' X'
Substituting for 2" and z” into (1), we have
po(ur X" +ueXo” + 1) Xy +us’ Xo') + p1{u1 Xy +ueXa')

+pa(u1 Xy +u2Xs) = f.

In this equation the coefficient of u; is peXi” +01X1" +p2X1, which
vanishes since X is a solution of (2). Similarly the coefficient of ua
vanishes, and we are left with

w1'poX1 +ua'peXs’ = f. (5.3.13)

The condition (10) ensures that the two equations (12) and (13) can be
solved for ;" and #p’. They yield

' _X2 f ’ Xl f
U = o s Y =
X1 X' - X1 X2po X1Xo' -X1'X2p0
(5.3.14)
and these can be integrated to give %; and %, and hence

als) = Xas) J_—,ﬁ’—‘})ﬂ g—:% do+Xole) .[ 2;;2:; 2{15_(‘23 o

(5.3.15)

where W is the Wronskian X;X¢'—X1’X 3. The lower end-point of
each integral is at our disposal, and in each case a change in the end-
point at most adds a constant multiple of X ;(2) or X (s) to the solution
x(s). Thus we have in (15) a solution of (1). To obtain a solution
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which can be fitted to two boundary conditions, we add to (15) the
terms AX, + BX 3 which form the general solution of the corresponding
homogeneous equation (2).

Ezample. 1t is required to find the solution of
z" +n2x = f{s), n real and constant, 0 < ¢ < I, (5.3.16)

which satisfies the boundary conditions z{(0) = 0, z(l) = 0. Here we
take as our independent solutions of the auxiliary equation cos ns and
sin »s. Then

W = cos ns(n cos ns) —(—n sin zs) sin ns = n,
so that formula {15) gives

x(s) = cos ns J %’ﬂ Sf(e)do +sin ns J

0 0

COB no

flo)de,

n

where we have arbitrarily taken the lower end-point as zero in each
integral. Hence a particular solution of (16) is

x(8) = %J sin n{s — o) f{o)do. (5.3.17)
0

Adding the general solution of the corresponding homogeneous equation,
we have as complete solution of (16)

8
1
z{s) = C cos ns+ D sin 'ns+—f sin n(s —a} f(o)do.
n
0

The boundary conditions can now be satisfied by suitable choice of C'
and D, z(0) = 0 and &(l) = 0 give

C=0
H
D sin nl+lj sin n{l — o) f(s)de = 0,
n

0
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and the required solution is

8

l
x(s) = — s",l n:lj sin n(l — o) f(o)do +% I sin n(s — o) f(o)do.
0

7 8in
0

(5.3.18)

If we split off from the first integral an integral from 0 to s, which
we then combine with the second integral, we obtain

\ 1
- ' ~ . : l—
x(s) = — g %o an n(l—s) f(o)do— sin ns 81.n n( O')f(g)dd
n sin nl n sin nl
o 8
1
- S—— (5.3.19)
0
_sin no sin n(l —s) in 0<o<s
n sin nl

where G(s, 0) =

sin ns sin n(l —0o) .
— in s<o<l

n sin nl

We observe that if we take f(s) to be the delta-function at s = ¢,
namely J(s — &), then the solution (19) becomes

_sin né sin n(l —s)

- if 0<é<s<l,
n sin nl

(s)
_sin ns sin n(l — &)

- if 0<s< &<l
n sin nl

= G’(s, f)

Thus G(s, o) is the response to a delta-function disturbance at s = o,
and if we know it we can immediately build up the response (19) to
f(s). G(s, o) is the Green’s function for this problem.

5.4. Solution in series

Only a few very special types of second order homogeneous linear
equations possess solutions expressible in terms of a finite number of
elementary functions. The example worked above is one of these.
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But in general we must expect that Xy(s) and Xy(s) will be new
functions, which will in fact be defined by the differential equation;
for instance the equation

2"—sx =0, —o00 <8< o0, (5.4.1)

which is very simple in form, defines the Airy functions Aé(s) and Bi(s)
(see Section 5.5). Some of the properties of the new functions thus
defined may be deduced directly from their differential equations (see
for instance the discussion of cigenvalues with the help of Bessel's
equation in Burkill, § 46). But for other properties we must seek to
represent the functions by infinite series. We therefore introduce here
the method of solution in series.

Asg an example we solve the Airy equation (1). Let us substitute
X = ag+a184a98%4 ... +aT+ ... (5.4.2)
8o that we obtain
2a3+3.2.a38+4.3.0482+ ... +(r+3)r+2arsas™1l 4 ...
—( ags + @82+ ... + astti4 . ) =0,

This must hold for all s, and therefore the coefficient of each power of s
must vanish. We have

80 : as =0,
sl: 3.2.a3—ay =0,
82 4.3.a5—ay =0,

81 (r43)(r+2)are3—ay = 0,

These equations do not determine ap or a;; but if we take assumed
values for these two coefficients all others will be determined in terms
of them. Thus

1 1

a3 = —— & ay = —4a,
327 43!

1 1

=—y = —— @
%= 572" 85.3.2

g, ete.,

while all terms of the sequence agy ¢ (k a positive integer) will vanish
gince @ vanishes.
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Our solution is therefore

(1+ ! 83+ L 6+ )
T =4a —_— 8 PRI
N'73.2° T6.5.3.2

1 1
+ay| s +— 4 LU R 5.4.3
1( Tt tieast T ) (5:4.3)

Each of the bracketed series eonverges for all values of s, and since
ao and a; are at our disposal and the series are linearly independent (the

X, {5)
PAR)

o

Fra. 5.1. X\(s) and X(s), solutions of Airy’s equation.

second not being a multiple of the first) we have the general solution for
x(s8). The functions represented by the two series are shown in Fig. 5.1,

From our success in this example, it might be supposed that whatever
differential equation we meet we can assume that there is a solution in
series of the form (2). But that is correct only when the unknown
golution does in fact possess a Taylor expansion in powers of & in the
neighbourhood of ¢ = 0. For many of the most interesting equations
this is not true.
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A point at which no expansion of a function as a Taylor series exists
is called a stngularity (or singular point} of that funetion. For instance,
(1 —s)~! has a singularity at s = 1.

For let

then near s = sg, some point in the interval (0, 1),

fle) = —

1 —89—(5—38p)

! {1+8_8°+ s, }
1—-sp 1—-8p (1—sg)2
provided |s—so | < 1-8p, which is a Taylor expansion in powers of
§—sg. But the region of validity shrinks as sy approaches 1, and we
cannot expand 1/(1 —s) in a series of positive powers of (s~1). At the
point s¢ = 1 the Taylor series fails to exist. In fact the function and all
its derivatives are infinite at s = 1, which is a singularity. Points at
which a Taylor expansion exists are called regular points.

An example in which the solution cannot be expressed as a Taylor
series in powers of s, with a suggestion as to how to proceed, is provided
by the simple first order equation

]

2 -2 = 0, where « is a constant. (5.4.4)
8

This equation is immediately soluble by separation of variables, giving
z = As®, A4 being a constant. {5.4.5)

If « is a positive integer this solution is itself a vestigial Taylor expansion
at the origin, consisting of a single term. But if « is not a positive
integer no such Taylor expansion exists. If « is negative, x and all its
derivatives become infinite at s = 0, while if « is positive but not
an integer all the derivatives of z beyond a certain derivative become
infinite at 8 = 0. In either case the Taylor expansion cannot be con-
structed,

We observe that in (4) the coefficient of « has a singularity at s = 0 :
it is this that introduces the danger of breakdown of the Taylor series
at 8 = 0. Taking this hint, we write the second order equation (3.2)
in the form

& +(p1/po)x’ +(p2/polr = 0.



132 ORDINARY DIFFERENTIAL EQUATIONS

A singularity of either of the coefficients p1/pe, p2fpo will be called a
singularity of the equation. If there is such a singularity at the origin,
we will seek a solution of the form

x = 8ap+a18+ass?+ ... +asT+ ...), (5.4.6)

determining y and the coefficients ap, @1,..., @, ... 80 that the
equation is satisfied for all s within a certain region.
With these principles in mind, let us look for solutions of Bessel's
equation
82" 4 s’ + (82 —v2)x = 0, (5.4.7)
where for the time being we impose on v the condition that it shall not
be an integer. If we write the equation as

1 y2
2+-2+{l——)x =0, (6.4.8)
8 82

we see that the origin is a singular point. We therefore seek a solution
in the form (6), which we take to mean that g is the first non-zero
coefficient. Substituting this into (7), we have

Wy —Daogs” +(y+ 1)yars ™2+ ... +{y+7r)(y+r—1)ag’*+ ...

+ yops? +{y+Llais7t14 ... + (7 +r)aes?*r+ .
+ aes’i+ ... + Gr—2871 + .
- v2aps? —yiggartl— | — vigertt — ... =0,

Annulling all coefficients we obtain the set of equations :
8 (y2—v¥ag = 0,
grtl; {{y+1)2—v2}a; = 0,

§ri2: {{y+2)2~v2ag+ao = 0,
(5.4.9)

srir: {(y+r)2—viar+ar-2 = 0,

The first equation of (9) will be setisfied if y = +v (ao = 0 has been
excluded by our hypothesis). Then, by the second equation, a; = 0.
The remaining equations show that all @, vanish when r is odd, and that

1
Tl
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when 7 is even. Thus taking y = + v we obtain
1

- Gr-2, 5.4.10
?"(2\’-’{-?‘) -2 ( )
and a solution
1 1
Xi(s) = aps¥{1— 82 + si— ...},
16) = o8 { 2w +2) 42y A)22v+2) }
(5.4.11)
while taking y = —v we obtain
1
= Or-39, 5.4.12
7‘{2\’—7‘) r—2 ( )

and 2 solution

1 1
Xals) = ais— {1 2 ap .8
2(s) = ags { o=’ T sz —2° }

(5.4.13)

The general solution is alinear combination of these two. As would have
been expected, (13) may be derived from (11) by writing ( —v) for v.
X1(s) and X(s) are shown in Fig. 5.2 for v = 3/2, gy = —3a,.

xis)

Xis)

iy
1
A
o
a
o
~
o
~

=

X%(s}

Fra. 5.2. Independent solutions of Bessel’s equation for » = 3/2, showing
interlacing {p. 150).
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We see why we imposed the condition that v should not be an integer.
If v is a positive integer, (12) will give an infinite ratio a,fa,—2 at some
stage and the series {13) cannot be employed : the series (11}, however,
still obtains. Similarly if v is a negative integer we have the single
solution (13). Thus when v is an integer we have determined one
solution only and the second is still to be found, but if vis not aninteger
we have two independent solutions and can construct a general
solution.

As a second example of a differential equation for which the origin is
a singular point, we consider the Laguerre equation

sx" +{1 =8}’ +vr = 0, {5.4.14)

where v is a constant. Substituting as before the series (6) for x we
obtain

Wy —Dags” 1+ (y+1)yars*+ ... +(y+r)(y+r—1l)asr+r—14 ..,

+  yagsl+ (p+1l)as*+ ... + (y+7)apsrtt—14 ..
- yaos’ — ... —  (y+r—1)ar1+ L
+ vags'+ ... + Vep 14 . =0,

leading to the set of equations
g1 y2ay = 0,
8 ; {y+1)2¢; —(y—v)ae = 0,
(5.4.15)
grtr—l: (y4+1)2a, —(y+r—1—v)ap; = 0.
The first equation, seen as an equation for y, has two equal roots

y = 0. Then

r—1-—v
a’l’ = P a’f—l:
7

80 that as long as v is not a positive integer we obtain the single series
solution

X(s) = a,o{l—vs+v(v2;1)82— } (5.4.16)

If v is an integer this series ends at the term containing s¥, and the
solution reduces to a polynomial. Such polynomials occur in the
solution of Schrodinger’s equation for the harmonic oscillator,
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We now turn to the general second order linear equation and consider
the steps in solution by series. If the equation has no singular point we
may proceed immediately to an ordinary power series solution as we
did for the Airy equation (1). If the equation has singular points,
we can trangfer the origin to each one in turn. We suppose this to be
done, so that henceforth we examine only solutions in the neighbour-
hood of & singularity at the origin. If the singularity is such that
sp1{po and s¥pa/pg are regular at the origin, the equation is said to have
a regular singularity therc. All of the equations with which we will be
concerned are of this kind.

If the origin is a regular singularity, and we expand regular functions
in Taylor series there, we may write

S}Jlfpo =bo+b186+ba82+ ... +hst+ ...,
sZpofpo = co+Ci1S+eas2+ ... Fost+ .., (5.4.17)

so that the differential equation is

x”+§ (bog +b1s+ .. .):e:’+;—Z (co+ec18+ ...)x = 0,
Substituting & = s*(@p+@s8+ . .. +a,87+ . ..) we obtain, after multi-
plying through by s2,

y(y—Dags” +{y+ Dyars" ... +(y+r)(y+r—-Lasrtr+ ...
+(bo+b1s+ .. Hyaest+ (y+ Va4 .. +(y+rastr+ L)
+{eo+c1s+ .. Naos" +aisrti+ ... a4 L) =0,
and the vanishing of all cocfficients gives
{¥(y —1)+boy +cojao = 0,

{(y+ 1)y +doly +1) +colas + (bry +c1)ap = 0,
(5.4.18)

r—1
{(y+r¥y +r—D+boly +r)+colar+ 3, {Baly+7r—n) +calar-n = 0,
n=1

Since we take ag to be non-zero the first of the equations (18) gives
two values of y. It is called the indicial equation. The remaining
equations determine successive @, in terms of coefficients already found.
Thus the problem is solved provided the values of y are unequal and
the expression

(y+r)(y+7—=1) +bo(y +7) +¢o (5.4.19)
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never vanishes. But this does vanish if y+r satisfiecs the indicial
equation
Wy —1) +bey+eo = 0,

i.e. if the second root differs from the first by r, which is an integer.
We have therefore to consider further the cases where the indicial
equation has equal roots or roots separated by an integer.

Let us write I'{y) for (19), and without putting I'(y) = 0 let us solve
the remaining equations for the coefficients in terms of @p, obtaining
after substitution

X(s, y) = s"{ao+ai(ao, y)3+aa(ae, y)$%+ ...}

If this expression is substituted into the differential equation, we
obtain

ds

¥1, Y2 being the roots of the indicial equation.

If we now set y = y; or y = yg the right-hand side vanishes and
X(s, y1), X{(s, y2) are shown to be solutions. If y; = yp these solutions
are identical : but we observe that if we then differentiate the equation
(20) with respect to y we get

( E+ —d—+ )iX(s ) = 2po( Y8 +poly — )Zi(sf)
Po 3s? 11?‘1(51‘g P2 dy » ¥) = 4poly—71 Poly—M1 ay >
(5.4.21)

and now when we put y = y;, the right-hand side vanishes and we get

d
3. .X(S, Y)}
{d? =0
as a second solution.

If the solution corresponding to y. fails because (19) vanishes for
some r, this means that all the coefficients beyond a,_;(ag, ¥} have in
the denominator the factor {y —yg). In this case we can discover a
second independent solution by writing

Y(s, y) = (y—y2)X(s, 7),
8o that

d2 d
(Po @‘*‘pl &"'p 2) Y(8, y) = po('y —_ ?1)(»}. - yz)ﬁgr_
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If we now differentiate with respect to y, we find
(30 S o1 S a) L v
Po g5t P2 a; (s, 7)
2 d ¢
= po| (y—72) W {(y =187} + 20y — v2)(y — 1a)s”

and again the right side vanishes if y = y,, showing that

{E Y{(s, y)} (6.4.22)
dy =¥y
1s a solution.

We now seem to have solutions X{s, y1), Y(s, v1), ¥ (s, y2) and

d
{d_‘}’ Y{sy }')} =t 3

but in fact the second and third of these are merely multiples of the
first, and the fourth is the required new solution. This method is due to
Frobenius.

We have seen that successive coefficients ¢, can be caleculated from
the set of equations (18). If each equation contains only two co-
efficients we can find an explicit form for a, in terms of . But if each
equation coutains three or more coeflicients it is in general not possible
to find such an explicit form. Three-term relationships are discussed in

Jeffreys and Jeffreys, Methods of Mathematical Physics,® C.U.P.

When the relationship is two-term, the labour of finding the series
can be cut down by a method described by W. G. Bickley.3 We will
explain the method by way of a particular equation—Airy’s equation

2" —sx = 0, (5.4.1)

We first note that if for = in (1) we were to substitute one power of s,
say the expression a7, the first term would become r{r—1)apsr—2
and the second would become a,s7+1. The difference between the indices
in these expressions is 3. This we will call the index interval. The
recurrcnee relation by which the coefficient of s* is annulled will link
-1 and a@r42, i.e. constants whose suffixes differ by the index interval.
Let us make use of this information and seek a series solution of (1}
in the form

z = s'(ap+agsd+ ... +aza88%+ .. .).
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Substituting, we have
7y —1)ags” 2 +(y +3)(y +2)ags™ 1 + . ..
+(y+3n)(y+3n—Dagps?rt8n-24 |,
_a037+1_a33?+4 o _asﬂ3T+3ﬁ+1+ V. =0,
The indicial equation is y(y—1) = 0 and the successive coefficients are
determined by
(y+3)(y+2)as—ap = 0,

(y+3n)(y+3n—1ljagp—asz—3 = 90,
giving
1
_— ar
{(y+3n)(y+3n-1)

@3n 3n-3-
. . 1 .
Taking y = 0, we obtain a3 = 37_5 ag ete., and the solution
1 .
T = ao(l +ﬁ s+ .. .), ag arbitrary.

. . 1 .
Taking y = 1, we obtain a3 = 3 ag ete., and the solution

1 .
z = dyp (s+4—§ st+ .. .), ag arbitrary.

These are the required independent solutions. They are shown graphic-

ally in Fig. 5.1.
Again, substituting s for x in Bessel’s equation
822" + 82" +(s2—v2)x = 0, (5.4.7)
we obtain terms with indices
r.r,r+2,7
80 that the index interval is 2. We therefore employ the series
x = s'ap+a282+ ... +agms™ + ...}, {5.4.23)

and obtain after substitution
Wy —Daos” +(y +2)(y +Lags" 2+ . ..
+ (7 +2m)(y +2m — L)agms? 2™ + . .,
+ yaes? + (y+2)azs"24 ... +(y+2m)agys’t2m 4 ..
+ a2 4+ ... 4 Qom—gsTTIM 4
- vaaog? - vegos?te— ., — Vigops'tim— =0,
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so that the indicial equation is
Hy—1)+y—v* =0
and the coefficients are related by
{(y +2m)(y +2m —1) +(y +2m) —V¥aom +aom—2 = 0.

Hence y = +vand
1
(7 +2m)2 —y2

Aom = Qom—2,
leading to two distinct solutions if v is not an integer.

In general if the index interval is §, we have the relation between
successive coefficients

amiF{y +mj} +am-15G{y +(m —1)j} = 0 (5.4.24)
form =1,2,3..., where F and @ are known functions. The indicial
equation is

F(y) = 0. (b.4.25)
Let the use of the relations (24) in the series lead to the expression
x = X(s, 7).
Then if the roots y;, y2 of the indicial equation do not differ by an

integer the two solutions sought are X(s, y1) and X({s, y2). If the
roots are equal, the solutions are

X(s, v1) and [i X{s, y):l
dy ¥

=¥1

If the roots are y; and ys = yy+7j, then F(y, +#j) = 0, and & zero
appears in the denominator of a,; and all succeeding coefficients, by
(24). Then the required solutions are
a .
X(s, 71) and [a—? {y—n—-mXis, 7)}]

Yy +rf

Applications of Frobenius’ method will be found in Section 5.5 and
in the Exercises at the end of this chapter.

5.5. Sturm-Liouville theory

In (5.3.8) we obtained, by change of variable, a standard form for the
general linear differential equation of the second degree; this we now
rewrite, with ¢ as independent variable, as

" +r(8)z = 0.
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In this section we derive properties of the solutions of this equation for
very general forms of 7(s) and the boundary conditions. These pro-
perties will belong to many of the special functions, such as Airy
functions, Bessel functions, and Legendre functions, which satisfy
differential equations that can be transformed into the above form.
The general tenor of our analysis is set by the observation that if ¢(s)
were a negative constant the solution of this equation would be a
hyperbolic function A4 sinh {( —r}s +«}, whereas if r(s) were a positive
constant the solution would be a trigonometric function B sin (ris + g),
A, B, «, 8 being adjustable parameters. The graph of the hyperbolic
function cuts the s-axis once only, while the graph of the trigonometrio

xis)
x(s)

So 5 5o

(o) (b}

Fra. 5.3. Graph of a{s) for r{s) < 0.

{a) wheve z’(2p) > 0.
(b) where x{s0) < 0.

function is an oscillatory curve that cuts the s-axis in infinitely many
equidistant points. We may expect that if r(s) deviates slightly from
constancy these features may be somewhat modified but not com-
pletely changed.

Consider a range (a, b) of s, and let (s} be negative in this range.
Then we can prove that there ig not more than one zero of z(s) in
{(a, b). For let sp be a zero of z(s), so that x(sp) = 0. First assume
x'(89) > 0, i.e. that the graph of z(s) passes through sy with positive
slope (see Fig. 5.3). Then near so and on the right of it there is a region
(80, 81) where z(s) > 0 and consequently

z2"(8) = —r(8)z(s) > 0,
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so that the slope a'(s} is increasing in that region. [Note that we
have assumed that the solution can be represented by a “well-behaved”
curve, which is free from sudden jumps or changes in direction in the
near neighbourhood of s¢. For the solution to have these properties
there must be some restriction on #{s). It can be shown that it is
sufficient that #(s} is continuous.] Since z'(s) is increasing the curve is
concave up in the range (sp, s1). Thus z(s;) > 0, 2'(s1) > 0, so that we
can find a further region {5y, s2), such that the curve is concave up
in the region. Proceeding in this way we show that the curve 2(s)
cannot meet the s-axis between ¢ = gpand s = b,

On the left of s, on the other hand, there must be a region (s_1i, 8o}
where z(s) < 0 and consequently 2"(s) = —r{s)z(s) < 0, so that the
curve is concave down and z(s_;) < 0. Again we extend step by step the
range in which the curve is concave down, until we reach ¢ = a.
Thus we conclude that the graph of x(s) is concave down in (a, so)
and concave up in (sg, b}, having a point of inflexion at sy since
z"(8p) = —r(sp)z(sg) = 0. The slope is everywhere positive in (e, &).

By similar arguments we show that if 2’(so) < 0 the slope is every-
where negative in (2, ), the graph being concave up in (a, 8p) and
concave down in (s¢, b) (Fig. 5.3b). In either case there is only one
zero of z(s) in (@, b). [The reader may enquire whether the graph
might touch the s-axis at sp. It is easily shown that if at so both
z(sp) = 0 and 2'(sg) = 0 then every derivative is zero there and
the function x(s) is identically zero. We do not admit this as a solution
of the differential equation.]

Next consider the corresponding problem in which it is given that
r(s) is positive in (a,d). Again let z(sp) = 0 and 2'(s¢) > 0 for some
89 in (e, b). Then by arguments like that given above z(s) is concave
down on the right of sp, bending down to meet the s-axis again, and
concave up on the left of sp, bending up towards the s-axis. At sp
a point of inflexion divides the regions of opposite concavity. This
is true in the neighbourhood of every zero of (s), so that z(s) may be
oscillatory (see Fig. 5.4). We now consider further this oscillation,
relating its rapidity to the magnitude of #(s).

Let us compare solutions of the two equations

" +r{s)lxr =0, a<s<b, (6.5.1)
2*+R(s)x =0, a <8 <b, {b.5.2)
that start with the same initial conditions, and let us postulate that
R(s) > r(s) for all s in (a, b). We will denote the solution of (1) that
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takes the value 4 (> 0)at s = a and has slope £ (> 0) at s = a by y(s},

and the solution of (2) that obeys the same conditions at § = a by

Y(s). Thus the graphs of ¥(s) and Y(s) pass through the point (e, %)

with the same slope % (see Fig. 5.5). Since y and Y are solutions of (1)
and (2) respectively,

¥ +ry =0, (6.5.3)

Y"+RY =0, (6.65.4)

x{5)

—/

K1a. 5.4. Graph of x(s) near sg when r(s) > 0.

)((S]
7is)

He)
Y{s)

(a) (b)

Fra. 5.5. Graphs of y{s} and Y{s).
(a) for r(8) < R(s) < 0,
{b) for 0 < r{8} < R(s).

for all s in (@, ). We multiply (3) by Y and (4) by —y and add to get
Y'Y —-yY " +(r—R)yY =0,
Integrating from e to ¢ we have

&
[y Y—yY' e+ [ (r—RyYds = 0,
@
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and since ¥'(@) Y (z) —y(e)Y'(a) = 0 we get

8
Y () Y(s)—y8)Y'(s) = [ (R—r)yYds. (5.5.5)

a

Ve i(l)’
ds\Y

and the right side is positive as long as ¥ and Y are positive. Hence,
as long as y and Y are both positive on the right of &, ¥/Y is increasing;
but it is unity at s = a. Hence on the right of a, as long as ¥y and ¥
are positive, y is greater than ¥ and the ratio /Y is increaging. Thus
as § increases from a, Y falls away below y. This iz true whether + and
R are positive or negative, provided R > ». Figure 5.5 shows two
possible relations of the graphs.

H R(s} > r(s) > 0, both graphs are concave down (Fig. 5.5b), and
¥y _ ¥

—>=>1
Y Y

But in (5) the left side is

in the region on the right of s = @ where both ¥ and ¥ are positive.
As the graphs swerve towards the axis the slope of y is greater than that
of Y, and where both slopes are negative Y is steeper. Y therefore
hite the axis before y, i.e. the next root of Y lies nearer to s = @ than
does that of y. Thus inerease of r(s) increases the rapidity of osecillation

of y(s).
Now suppose that within (a, b)
ne < r(s) < N2, (6.5.6)
where » and N are constants. Then comparing the solution y of
z'+rz =0
with the solutions of
2" +n2r = 0, (5.5.7)
" +N%& = 0, (5.5.8)

which have angular frequencies » and N respectively, we see that the
angular frequency of oscillations of y(s) lies between n and N.

Eigenvalues and eigenfunctions

A vibrating string, fixed at the two ends, has a set of normal modes
of vibration. The periods of the fundamental, first harmonic, second
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harmonie, and so on, form a sequence of discrete numbers that character-
ize the intrinsic properties of the system. Many other systems with
two-point boundary conditions show the same phenomenon : they
contain a parameter, often related to frequency of oscillations, that
can take only certain values if the boundary conditions are to be
satisfied : these values are the eigenvalues (characteristic values). We
will analyse a typical eigenvalue problem that arises naturally in
Sturm-Liouville theory.
Suppose we want to solve the equation

2"+ Ar(s)x = f(s) (5.5.9)

with the boundary conditions z{a) = 0, z(b) = 0. Here 2 is a para-
meter whose value is at our disposal. We can solve the inhomogeneous
equation (9) if we know two independent solutions of the homogeneous
equation

& +Ir(s)e = 0, (5.5.10)

uging the method of variation of parameters as in (5.3.15). We therefore
discuss solutions of (10). Let Xi(s, 1), Xo(s, A) be any two independent
solutions of (10) : the parameter 1 has been inserted as a reminder that
the solutions depend upon it. Then a general solution of (10) is

X(s, A) = diX1{s, 1) +daXo(s, A}, (6.5.11)
where d; and d2 are constants. The boundary conditions demand
diX1{a, 1) +d2X3(a, A) = 0,
d1X1(b, ) +d2X2(b, A) = 0, {6.5.12)

and in general these have no solution for dj, da, other than d; = 0,
ds = 0, which annihilate X (s, 1) in (11). There will be a non-zero
solution only if the two equations (12) are consistent, that is, if

Xi(e, 1) Xos(a, A) -0

(5.5.13)
Xi(b, 2) Xafb, 2)

(13) may be regarded as an equation for 2. The determinant will vanish
for a set (which will be shown to be infinite) of discrete values 1;, 4g, . .

of 1. These roots, for which the differential equation and the boundary
conditions have a non-zero solution, are the esgenvalues, If 1, is the nth
eigenvalue, we can solve either of the equations (12) (with A, inserted
for A) to get the corresponding ratio dy : d2. X (s, Ay} is then given by
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(11) except for an arbitrary constant multiplier. This X(s, 4,) is the
eigenfunction corresponding to the eigenvalue 4.

Example. Let us take r{s) = 1 in (10), so that we have a familiar
equation whose linearly independent solutions may be taken to be

X =sin Als, X = cos Ms
The consistency condition {13) becomes

sin Alg cos Mla
sin A% cos AlD

ie, sinAlb—a) = 0.

=0,

Thus consistency is ensured by taking AY(d—a) = nn, where n is
an integer. This has solutions

n2n2

Iy = ——,
T b-ap

n=012...

Ao = 0 gives the trivial solution that is identically zero. Corresponding
to a certain 1, we can determine the ratio d; : ds from either of the
{consistent) boundary conditions, say

dy sin Ala+d3 cos Ala = 0,
and the nth eigenfunction ig

Y
. sin Ala d ) 8
dy (sm Ms— —A—;L cos A;s) = —2 _sinnm—.
cO8 4,0
b—a

We return now to the equation (10) with its boundary conditions
z{a) = 0, 2(b) = 0. Let us assume 7(s) > 0 in (@, d). Then if 1 < 0
there cannot be any zero to the right of s = ¢ (compare Fig. 5.3a).
We consider 4 = 0 and enquire whether from all the solutions that
satisfy X(a, 1) = 0 we can select some that satisfy also X(b, 1) = 0.
We concentrate attention on solutions Xg4(s, 1) with a zero at 8 = ¢ and
an arhitrarily fixed slope k there (see Fig. 5.6); we examine the effect of
increasing .. We have shown that since r(s) > 0 an increase in 1 will
have the effect of increasing the frequency of oscillation of solutions and
crowding the zeros. It can be proved (see Burkill,2 Ch, 3) that any
particular zero of X,(s, 4) (greater than a) moves continuously to the
left along the s-axis as 1 is increased continuously. When A = 0,
Xa(s, 4), being a solution of 2" = 0, is represented by a straight line of
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slope k and has no zero in s > a, but as soon as 4 becomes positive the
solution becomes oscillating. For small 1 the zeros will be widely
spaced, and at first the next zero Z; above 8 = a will lie in the region
¢ > b (Fig. 5.6). As 1 is increased continuously this zero moves in
towards s = @, and at some value 1; of 1 it coincides with ¢ = b. The
corresponding solution Xg(s, A1) satisfies the differential equation and
both boundary conditions. Thus 4; is the first eigenvalue and Xg{s, 41)
the corresponding eigenfunction. X,(s, ;) has no zero between a and
b; it is the fundamental mode.

A<0
AT
A=0
small A>0
0 A g Z_ s
/ N’ b N
A=0

Fia. 5.8. Solutions for various A,

Let A increase further. Then at some A = A3 a second zero reaches B,
Az is the second eigenvalue, and the corresponding eigenfunction
Xal(s, A2) has one zero between A and B. It is the second mode. So we
proceed, increasing A to snccessive eigenvalues and obtaining successive
eigenfunctions, each having one more zero in (a, b) than its predecessor.
If 2 can tend to infinity there will be an infinite set of discrete eigen-
values and correspondingly an infinite set of eigenfunctions, each
oscillating more rapidly than its predecessor.

Now suppose that A, and A, arve two different eigenvalues, and that
X, and X, are the corresponding eigenfunctions. Then

Xm”-'l'AmTXm = 0, (5.5.14)
Xn” +Anf.X” = 0, (5.5.15)

and
Xp(@) =0, Xn(b) =0, (5.5.16)

Xo@) =0, Xnb) = 0. (5.5.17)
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Multiply (14) by X, and (15) by —X,, and add. Then
Xm”.Xn—Xm,Xn”Jr(;.m,—/{n)TXm.xYn = 0.
Integrating from s = @ to s = b we obtain

4
(X' Xn— XnX ') + (A — An) [ 7 XX nds = 0. (5.5.18)
&

The expression within square brackets vanishes at both limits, by (16)
and (17), and we have
b
I erX”ds = 0 (5.5.]9)
a

as long as m + n. We must not conclude that

b

frXZids

e
vanishes : in fact it equals a positive constant, since » and X2 are
positive within (e, b). If we denote this constant by M2, we see that
since the eigenfunctions have thus far been arbitrary to the extent of a
constant multiplier we may divide each Xy, by the corresponding M,
and obtain eigenfunctions which have the property

b
frX2ds = 1. {5.5.20)
a

The eigenfunctions are then said to be normalized.

The property (19) is described by saying that different eigenfunctions
are orthogonal. [In three-dimensional coordinate geometry two straight
lines with direction cosines (f1, fa, f3), (92, 92, ¢3) are orthogonal (at
right angles) if

3
Y fige = 0.
=1

By analogy, extending the concept, we say that the two vectors

(fuf2, .. . fn), (g1, G2, . . - @) In n-dimensional space are orthogonal if
n®
Y figs = 0.
i=1

From this a further step leads to the definition of orthogonality over the
range {a, &} of two funetions f(s) and g(s) by

b
[ fs)g(s)ds = o.
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Finally we may introduce a “‘weighting function” or kernel r(s) and
define orthogonality with respect to the kernel r(s) and the range
(a, b) by

»
aj fl&)g(s)r(s)ds = 0.]

Referring back to our theory of simultaneous differential equations of
the second order with constant coefficients (Section 3.4) we see that the
eigenvalues of the present section are & generalization of the angular
frequencies of the normal modes, and the eigenfunctions correspond
to the normal modes themselves. The orthogonality of the eigen-
functions corresponds to the orthogonality of the normal modes, being
the mathematical expression of their mutual independence. Further,
just as any motion of a system with normal modes can be analysed as
8 sum of constituent motions in the modes, so any solution of our
Sturm-Liouville equation with the boundary conditions can be
expressed as a sum of eigenfunctions, as follows,

Let X, be normalized eigenfunctions, and let us try to approximate
to a given function F(s), which vanishes at 4 and B, by a sum of
multiples of eigenfunctions, namely

3 ApXxls) (5.5.21)
k=1

where 4 are constants, We need some criterion by which to judge the
accuracy with which (21) fits F(s) in (a, ) : we will use Ganss’ criterion
of “least sum of squares of deviations”, which here becomes the
demand that Ay, 4s,..., A, are to be chosen so as to meake the

€< H

€eITor
|4 »
E = [r(s}{F(s)- le ApX(s)}2ds (5.5.22)

as small as possible. E is a quadratic function of the 4; and cannot be
negative. It will be least when

—2‘&;:0, k=1,2,...,ﬂu

04
This gives
b n
jf{F—- E AIXE}XkdB = 0, k = 1, 2, .oy . (5.5.23)
1

a
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But, by the orthogonality and normalization of the eigenfunctions,

b
§rX,Xds = 8, (5.5.24)

1

and substituting this into (23) we have
b n
erXkds = ZAzﬁzk = Ak,
a 1
giving A uniquely.
Using these values of A, we evaluate E as

b n n n

E = jf(F2—2FzA1X1+ ZZA;X;A;:X&)(‘!S
e 1 11

b n n n
= [rFUs—2 Y 4;4;+ Y T, ArAgbur
a 1 11
b n
= frFads~ Y A2 (5.5.25)
a k=1

Each term added to (21) therefore reduces £, and owing to the ortho-
gonality of the eigenfunctions the addition of & new term A,1X 41
does not affect the constants A, 4y, ..., 4, already determined.
If E - 0 as n - oo for any well behaved F(s) the set of eigenfunctions
is capable of representing any such function to any required accuracy
of approximation, and the set is called complete.

Examples of analysis in eigenfunctions are given in Exercises 5.

Interlacing of zeros of a pair of independent solutions

We now leave the eigenvalue problem and return to equation (1) :
we show that any two linearly independent solutions have interlacing
roots. Let two such solutions be X; and X3. Then the Wronskian
does not vanish, i.e.

Xl'Xz—XIXg" % 0,

But since
X" +?‘X1 =0,
Xz” +fX2 = {),
it follows that
X1" X2~ X1Xy" = 0. (5.5.26)
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Let s = @ and s = & be consecutive zeros of X, so that X;(a) = 0,
Xi(b) = 0, and X,y'(a), X1'(b) have opposite signs. Integrate (26)
from s = a to s = b, to get

[X1' X2 —X1X2']2 =0
The term X1X o' vanishes at both limits, so that
X1'(B)X2(b) — Xy (@)X 2(a) = 0,

or
Xab) _ Xi'()
Xa(a) X,'(b)

Hence X, has opposite signs at s = ¢ and § = b and must have at
least one root between. Similarly we show that X has at least one root
between successive roots of X 5. Thus the zeros of X; and X must in
fact occur alternately : the graphs interlace. This is shown in the
graphs of solutions of the Airy and Bessel equations in Figs. 5.1 and 5.2.

An introduction to Sturm-Liouville theory is given by Burkill2
(Ch. 3) and Incel (Ch. 10).

5.6. Particular second order equations
In this section we list second order linear differential equations

which arise from problems of mathematical physics, giving references
in which further information may be found. The equations are

(a) z"—sx = 0, (Airy)

(b) 82" +3x’ +(s2—v2)x = 0, (Bessel)

(c) (1 —s2)2” ~2s2’ +v(v+1) = 0, (Legendre)

(d) 2" — 22 +2vx = 0, (Hermite)

{e) sz’ +(1 —8)2" +v& = 0, (Laguerre)

(f) (1—s2)2" —sz’' +v2x = 0, (Tschebycheff)

{g) 48(1 —s)a" +2(1 —28)x’ + (a — 165 + 32bs)x = 0. (Mathieu)
Here a, b and v are constants, and v is frequently an integer.
(@) Airy’s equation

The equation
2" —sx =0 (5.6.1)
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has no singularity at any finite point. We can find two independent
solutions at the origin,; these were shown in Section 5.4 (p. 130) to be

1 1
Xi(8) = 1 +— 34
1e) 2.3° '9.3.5.6

1 1
Ao(s) = s+~ 1y
. 3.4 3.4.6.7

36 4
(5.6.2)
8T+

Any two linearly independent linear combinations of X; and X
could be taken as the fundamental pair of solutions, We define the
Avry functions as

Ai(s) = axl—pxg} e o]
Bi(s) = v3(eX 48X T e’
- . (563
B () { )

I'(v) denoting the Gamma function

o

j' e—tv-1dg,
0

which reduces to (v—1)! when v is a positive integer (see Margenau
and Murphy, Mathematics of Physics and Chemistry,? Section 3.2).
The particular combination «X,—-pX, was selected as the one

which remains finite as s - o0. In fact it can be shown that when
s is large and positive

Ai(s) ~

57 o e (=1,

Bi(s) ~ LI exp ( +3s), (5.6.4)
VL

where we use the notation f(s) ~ ¢(s) to indicate that f(s)/¢(s) > 1
as 8 =+ co. Thus any other combination of X; and X3 behaves like
Bi(s) for large positive s. Ai(s) and Bi(s) are shown in Fig. 5.7.

The choice of coefficients in Bi(s) = +/3(aX )+ BX2) was made to
ensure that Ai(s) and Bi(s), which interlace for s < 0 according to
Sturm-Liouville theory, shall differ in phase by 37 when ¢ » —co.
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For s large and negative, we write s = —a, ¢ being large and positive,
and

Ai(—0) ~ ﬁ o~tsin (3d' +1n),

1
Bi(—06) ~ — ¢~t cos (§¢' +1n). (5.6.5)
Vr
Bi(s)
F06
04
Alls)
02
Ai )

1 I{ S
| 3

Fic. 5.7. Ai(s) and Bi(s), standard solutions of Airy’s equation.

These choices determine the ratio of coefficients in A: and Bi: the
actual values of « and B were chosen to make

Ai(s) = ] J cos (su + 3u3)du. (5.6.6)
n
0

This integral, which can easily be shown to be a solution of the dif-
ferential equation (1), is the form in which Airy first introduced the
function in his discussion in 1838 of intensity of illumination in the
neighbourhood of a caustic.
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An account of Airy functions may be found in

Jeffreys, H. and Jeffreys, B. S., Methods of Mathematical Physics,®
Ch. 17,

and tables of 4¢ and B¢ in
Miller, J. C. P., British Association Mathematical Tables.b

An important application of Airy functions arises in the discussion of
approximate solutions of second order differential equations (see
Chapter 6).

(b) Bessel’s equation
The equation
82" 4oz’ +(s2—v2x =0 (5.6.7)

hasg & singularity at the origin. If v is not an integer, the solutions {found
on p.133)

1s) = v+1\2) TLa.prnuegig) T
w1 (5)" 1 5\
Kels) = ¢ {1_1-v(§) +1.2.(1—v)(2—v)(2) }

(5.6.8)

are linearly independent. Introducing a factor (2*v1)~1, where
the factorial notation has been extended to apply to non-integers
according to the identity v! = I'(v+1), we define Bessel functions of the
Jfirst kind

vi2r
Jile) = Z S r('é(‘:)+r)1
_ o (%3)-v+2r
Jol8) = ;0( ST (5.6.9)

The multiplying factor has been chosen so that when v is an integer,
which we denote by #,

Ja(8) = ! J' cos (8 sin § —n6)ds, (5.6.10)
T
0

the form originally studied by Bessel in his discussion of the orbital
motion of a planet,



154 ORDINARY DIFFERENTIAL EQUATIONS

It can be shown that, when s is large,
3
g, (8) ~ (1) cos (8 —3vm —}n). (6.6.11)
s

When v is an integer », J _ » is simply ( — 1)/, and we must look further
for a second independent solution, which we will call Y,(s). We
select. that solution which for large positive s differs in phase from
J, by 4n. This is

i
Y, (s) ~ (-2—) sin (s —}vr —}7). (5.6.12)
]
A funetion for which this asymptotic approximation holds is defined by
J(8) cos v ~J_ (s)

- (5.6.13)
SN vmx

YAs) =

¥ ,(s) is the limit of this function as v approaches the integer ». This can
be shown to be

n

Y , is the Bessel function of the second kind, introduced by Neumann.,
The zeros of J, and Y, interlace.

For some purposes it is more convenient to use a different pair as our
fundamental solutions. We define the Hankel functions of the first and
second kind by

Yo(s) = %{% J,,,(s)—(—l)”—a—J_n(s)}. (5.6.14)

Hs (s) = J (8)+1Y (s},
Hi(s) = J (8)—1Y (s) (6.6.15)
then from (11} and (12) we see that for large s

Hs,(s) ~ (%) ' exp{i(s—3va—1in)},

Hi(s) ~ (%) ' exp{ —i(s - jva—{=n)}, (5.6.16)

so that Hankel and Bessel functions are related in the same way as
exponential and trigonometric functions.
Bessel functions and their applications are dealt with in
Jeffreys and Jeffreys, Methods of Mathematical Physics,® Chs. 21, 22,
Sneddon, I. N., Special Functions of Mathematical Physics and
Chemistry,? Ch. 4.
Watson, . N., Bessel Functions.8



EQUATIONS WITH VARIABLE COEFFICIENTS 155
(¢) Legendre’s equation
The equation
(1 —s82)2"—2s2' +v(v+1)x =0 (5.6.17)

has singular points at s = +1 but is well-behaved at the origin. We
note that the index interval (p. 137} is 2, so we seek a series solution

z(s) = s'{ag+ @282 +aqs?+ ... +ags+ ..}
We get
(1 —82){y(y — Daos" 2+ (y + 2){y + L)ass’ + . ..
+{y+2¢)(y 4 2r ~ Dagsr+2r-24 ., .}
—28{yaos' 14+ (y+2)ags" 1+ ... +(p+2r)agster-14 .}
+v(v+1){aos” +ass? 24 ... tagsrtir 4 L} =0,
The indicial equation is
wWy—1) = 0, (5.6.18)
and the general relation between coefficients is
(7+2r+2)(y +2r + 1)agrsz = (y4+2r}{y + 2r = Lagr
—2(y+2r)agr +¥(v+ azr = O,

80 that
+2r 4+ 1y +2r)—v(v+1
azrsn = X My+2n)—viv+l) (5.6.19)
(y+2r+2)(y+2r+1)
Putting y = 0 we get
204+ v+1)(2r—v
Aoryg = { ) )azr, (5.6.20)

(2r + 1)}{2r+2)

so that the corresponding solution is

D L e ENEHI-2) }
21 4!

z(8) = ao{l
(b.6.21)

If v is an even integer, say 2m, the coefficients beginning from agp.2
all vanish and the solution becomes a polynomial of degree 2m. It is
convenient then to reverse the order of terms, starting the series with
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@2ms?™ and obtaining other coefficients, by the inverted form of (20)
with v = 2m,

(2r —1)2r a
(2r ~1+42m)(2r —2 —2m)

Q-2 = 2r)

to get the polynomial solution

2m(2m 1)

i —1) s2m-24 } (5.6.22)

z(8) = dom {sm -

For the second solution we put y = 1, so that (19} becomes

2r+v+2)(2r+1—v)
- dar, 5.6.23
G2r+2 @ £2)2r+3) or { )

with corresponding solution

_oo ) O304 5, }

) = a"{s 31 51

(5.8.24)

This is an infinite series that converges as long as |s | < 1. When
v = 2m it is the infinite series

2(s) = ao{g_(2m—1;('2m+2) B } (5.6.25)

and this with (22) gives the complete solution for |s | < 1and v = 2m,
an even integer.

If v is an odd integer, let v = 2m+1; then the series (21) does
not terminate, but (24) does terminate since agm+2 = 0. Then using
{23) in the form

2r(2r +1)

- aor, (5.8.26)
(2m + 2r + 1}{2m — 2r 4 2)

Agr-g =

we get the polynomial solution
(2m +1)2m

S+ ) s2m—1 4. } (5.8.27)

x(s) = dom {82m+1 -

{27) is eassentially of the same form as (22). Choosing the multiplying
constant according to accepted usage, we can combine (22) and (27)
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in the following series for Py(s), valid when # is cither an even or an
odd integer :

(2n)! {S”_n(n-l) sn_2+n(n—l)(n—2)(n-3)8ﬂ__4_ }
2n(p1)2 2A2n —1) 2.4(2n —1)(2n—3) o

Py(s) =

(5.6.28)

This is the Legendre polynomial of order n. A full discussion of the
properties of Legendre polynomials and other solutions of Legendre’s
equation may be found in
MacRobert, T. M., Spherical Harmonics.?
Sneddon, I. N., Special Functions of Mathematical Physics and
Chemistry? (Ch. 3).

(d) Hermite’s equation
Independent solutions of

" —2sx" +2vz = 0, {6.6.29)
which has no finite singularity and has index interval 2, are found
to be

2y 22, v(v—2)
= 226 LV S
x1(8) al{l 2!3 + . s },
2(v—1) 3 22(y—1)(v—3) 5
zg(s) = ag{s— Y s34+ 51 82— .. .0,

where a; and az are constants at our disposal. If v is an even integer
the first series terminates, if odd the second. By suitable choice
of @) and a3 the polynomials can be expressed, by the same method as
in (c) (Exercise 5.11) as
(n—-1) n{n—1){n—~3)(n—4)
!

Hals) = (268 — 2 - (Gt = (2s)n4— ...,

(5.6.30)

where v has been given the integral value ». This is the Hermite poly-
nomial of order n, which occurs in the wave mechanics of the harmonic
osoillator. '

Schridinger’s equation for the harmoniec oscillator can be reduced to

¥+ (2n+1 -8 =0, (6.6.31)
where » is an integer.
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Write

¥ = emisy,
80 that

wf = e_lszxr_se_.“ﬂx’

w” = e—'ilaxﬂ_zse—isgx'+823—§8gx_e—i82x,
and

Y (@n+1—st) = eI y" — 28y  +(s2— 1)y +(2n + 1 —s?)x}
= e~is%{y" ~ 25y + 2y},
whence y satisfies Hermite’s equation, so that
e~15°H n(s)

is & solution of (31).
Hermite polynomials and the associated Hermite functions are
treated in

Sneddon, 1. N., Special Funclions of Mathematical Physics and
Chemistry? (Ch. 5).

(e) Laguerre’s equation
The equation
82" +(1—s)x’ +ve =0 (5.6.32)
has a regular singularity at the origin. Its index interval is 1. In
(5.4.16) we found a solution
viv—1) a (v~ 1)y~
22 (312

z(8) = au{l —v8+ 2) s34 .. .}. {6.6.33)

A second solution can be found by Frobenius’ method as

d
et 0,

But we are interested in the solution that reduces to a polynomial when
v is a positive integer n. This is (33). If we put ap = (—1)*n! and
invert the order of terms we obtain the Laguerre polynomial :

n2(n—1)2

Ln(@) = (*1)“{8“—%8““1+T8’3 2_ P +(—l)”n!}.

(5.6.34)
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Taking v = » in (32) and differentiating the equation m times with
respect to s we have

sDm+2p 4 (m 4+ 1 — s} DW+ig 4 (n—m)Dmx = Q
where D denotes d/ds. Thus the differential equation
s’ +(m+1—=8)x' +(n—m)z = 0 (5.6.35)
is satisfied by L,m(s}) = DmLy(s). This is the Associated Laguerre
polynomial. The function defined as
Ru(s) = e-38siLy,,20+1(s) (5.6.36)

is the Laguerre function, used in discussion of the wave function of the
hydrogen atom.

{f) Tschebycheff’s equation
The equation
(1—-82)2"—sx’ +v2x = 0 (5.6.37)
has singularities at ¢ = +1 but is regular at the origin. The index

interval is 2. Solutions in the neighbourhood of the origin are
(Exercise 5.12)

v3 v2(v2 = 22)
= —_— 2 4
z1(8) al{l 2!8 + Py $ },

v2 —1 (vz—l){v2—33)85_”.}.
3! 5!

22(8) = ag {.s — 83 4
(5.6.38)

According as v is an even or odd integer the first or second terminates,
becoming the T'schebycheff polynomial for that integer.

(g) Mathieu’s equation
Mathieu’s equation is met when the wave equation is expressed in
elliptic cylindrical coordinates. It is the simplest sccond order linear
equation in which a coefficient is a trigonometric function of the
independent variable :
2

d
d—::+(a+ 165 cos 2)x = 0, (5.6.39)
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If we substitute s = cos? ¢ this is easily transformed to
48(1 —8)x” +2(1 —2s)a’ +(a — 166+ 32bs)x = 0, {5.6.40)

which has regular singularities at 8 = 0 and s = 1. The attempt
to solve for x(s) as an infinite series leads to the indicial equation
y(2y—1) = 0. But here there is no single index interval, and the
general relation between coefficients contains three successive co-
efficients instead of two as in previous problems (see Jeffreys and
Jeffreys®), Solutions in series are useful in astronomical applications, but
in problems where there is an elliptic boundary, e.g. oscillations of an
elliptic membrane, we are more interested in periodic solutions,
which must be found by other methods.
Mathieu’s equation is treated by

Whittaker, E. T. and Watson, G. N., Modern Analysis, 10 Ch. 19,
Ince, B. L., Ordinary Differential Equations,1 Ch. 7.

The particular equations listed in this section are all, with the
exception of Mathieu’s equation, special cases of the Hypergeomelric
equation

s(s—1)z" +{{1 +a+f)s— vy}’ +afz = 0, (5.6.41)

where ¢, §, y are constants (see Exercise 5.10). There iz an extensive
literature of this equation and its various degenerate forms. Reference
may be made to

Jeffreys and Jeffreys, Methods of Mathematical Physics,5 Ch. 23

Whittaker and Watson, Modern Analysis, 10 Ch. 14

Ince, E. L., Ordinary Differential Equations,! Ch. 7

Sneddon, I. N., Special Functions of Mathematical Physics and
Chemistry,” Ch, 2.
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Exercises
5.1. Solve by tho use of an integrating factor:

d
{a) sin ¢ —f+3008 gx = cosec 8, with z Iy = 1.
de 2

{b) s{s—1) %%-H: = 283, with 2(2) = 0.
5.2, By use of {2.5) find in the form of an integral the solution of
da 1
—_——_— = i ith =
P T f{t), with z(0} = 0,

and evaluate this solution when f(¢) = 1 -2,

5.3, Given that the differential equation

" +ietz =0
has a solution
Xi(8) = (84 +1} exp ist,
write down a second indepondent solution X 2(s). (Hint: consider the complex

conjugate.)
Prove that the Wronskian of X1 and X2 is constant.
Hence using (3.15) find the general solution of

x" 4+ ye- bz = f(s).
5.4, Show that a solution of
"+’ +ex =0
82 g4 {—1)ngen
=1t eng 0 Tommne

This is Jg(8), the zoro order Bessel function. Show that a = vJy is a second
solution if

&

v (87 _
~ JoJo2{a)’
and expand » in the furm a+1In 8+ bs2+4 O(s%), for small s, where b is to be

found.

5.5. Reduce to standard form the second order differential equation

d2x 1dz
—— - —— 4342 =
KT 4342~ 1)z = 0,

and show that it may be reduced further to
x”—s(s—1)x = 0.
5.6, Prove that the Wronskian of two independent solutions of
Po(8)z” + p1(s)’ +pa(s)z = 0
is
3

pilo)de
A exp [—f _'po{cl) ’

where A ig constant. Hence show that the Wronskian of the standard form is
constant,
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5.7. Given the differential oquation &” = §(2— £}, show that
2 = Hg—-§&+4
and
x = (e—E)H(s— £} + As+ B,
where 8( } and H{ ) are the Dirac and Heaviside functions and ¢, 4 and B are
constants.

Apply the boundary conditions z{(0) = ¢ and z(1) = 0 to obtain the Green’s
function

z=—s(1-¢), 0<s<{

—(1—-8)¢, f<s<l.
5.8. Solve in secries (by use of the index interval)
28(1 —8)x” 42’ + 128z = 0,

and determine the range of 8 for which the solution is valid.

5.9. Following the method of Section 5.3, construct the solution, valid in

0<s<{of
z"—nr = §{s—¢), with 2(0) = 0, z(l) = 0.

5.10. Show that the Hypergeometric equation

al—siz"+{y—~{a+ S+ 1)}z’ —cfx = 0,

whore y is not an integer, has as a solutiuvn the series

1 +g~_ﬁa+ ala+ DA(B+1) , elat )la+2)BB+1NE+2)
1.y 1.2.9{y+1) 1.2.3 . y(y+ 1}y +2)

What is the region of convergence of this serios ?

Denoting this solution by F(a, B, y; 8), show that the general solution is
AF(a, B,y; 8)+ Bsl“"Fla—y+1, B—y+1, 2—y; 8), where A and B are arbitrary
constants,

Show that the Legendre polynomial Pyu(8) is given by

l1—3
" 1, —n, 1;——],
I‘(n+ , =% 2)

F(n, -n, 1, %f)

is a solution of Techebycheft’s equation,

4+ ...

and that

5.11. Prove the formulae given in {(d) of Section 5.8 for series solutions of
Hermite’s equation
z" — 28"+ 2vx = 0.

5.12. Prove the formulae (6.38) for solutions of Tschebycheff’s equation
(6.37).



CHAPTER 6

METHODS OF APPROXIMATE SOLUTION

6.1. Introduction

The previous chapters have dealt with methods of finding exact
solutions of ordinary differential equations : some solutions are given
in closed form and some as infinite series. But there are very few
types of equation for which such methods succeed. Infinite series, for
instance, can be derived only for linear equations where the recurrence
relation contains not more than two coefticients. Unless the dif-
ferential equation is of simple form it will in general be necessary to
resort to a method of approximate solution.

Sometimes the approximate solution will be in analytic form and will
give insight into the whole family of solutions ; but other methods of
approximation will involve the insertion of numbers at some stage, and
will give only particular solutions corresponding to designated values
of the parameters. If the solution is numerical we must discover ways
of testing the accuracy and refining the approximation; if the approxi-
mate solution is analytic we must specify with care the region over
which the approximation is good. Numerical methods are not. developed
in this text : they may be found in the references cited in Section 6.9,
The procedures described here are, however, closely related to those of
numnerical solution.

Reduction of an nth order differential equation to a system of first
order equations

We first show how the complexity of the general problem may be
reduced. The equation of order = :

Plem, zn-1) 2’ 2,8 =0, (6.1.1)
with given values of «x,2’,...2® D at s = 0, can in principle be
solved for ™ to give

2 = folata-D 2 2z, 8}, (6.1.2)

163
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and if we now introduce new variables xg, 21, . . ., Tn-1, defined by
T = X,
X = :c’,
xg = 2,

Tp-1 = -1,
then

&' g1 = fuls, 2o, 21, . + o, Tn-1), (6.1.3)
and this is to be solved with

Tp—g = Tn-1,

z1' = zg,
zy = 71, (6.1.4)
and initial conditions
zo(0) = oo, 1(0) = Z10, . . ., Tn-1(0) = Zn-1,0- (8.1.5)

The equations (3) and (4) are a special case of the more general set
of simultaneous first order equations

— ¥y = fl(s’ 20, X1y 02 0y xn—l)’
ds
d
— a1 = fa(8, 20, X1, . . . Tn-1), (6.1.8)
ds
&x’ﬂ—l = fﬂ—l(ss X0, X1; -« + xu-—l)-

Since first order equations are much easier to handle than higher order,
we will develop methods of solution of ().

The most simple problem of this type is that of the solution of

L2 = fis,2), (6.1.7)
ds

with x(0) = 2o, and we start from this in Section 6.2,
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It will soon become clear that there is an enormous inerecase in
difficulty when we pass from linear to non-linear equations. A linear
equation of order n has the property that if ¢1(s) and ¢g(s) are two
independent solutions then k¢ + £a¢2 is also a solution, for any pair of
constants %j, k2. Consequently solutions may be superposed and
suitable combinations found to fit given boundary conditions. This
property does not hold for non-linear equations, and solutions cannot
be superposed. Again if a solution is sought in the form of a series with
coefficients to be determined, the relations between the unknown
coefficients for a linear equation are linear. But for a non-linear
equation the series and its derivatives may occur in higher powers
and the relations between coefficients are extremely complex, The
reader may test this assertion by looking for a solution as a power
sertes in s of the simple differential equation

2" a2 = 0.

The difference between marching problems and jury problems was
noted in Chapter 1. In general it is much easier to find an approximate
golution of a marching problem than a jury problem. This applies
especially to numerical solutions, for which the only way to solve a
jury problem may be to construet a set of solutions for arbitrarily
chosen initial conditions, find which come closest to satisfying the
final conditions, and proceed by interpolation and iteration.

When appropriate analytical tools are lacking, graphical methods
may give a very useful insight into the nature of the solutions of a
differential equation—see Section 6.2, But it must be realized that
graphical methods suffer from the grave disadvantages that (a) the
accuracy is limited by the draughtsman’s technique, (b} the judgement
is subjective, and (c¢) the error is difficult to compute.

Several of the methods listed below have been developed to deal with
various special forms of Schridinger’s equation or other second order
differential equations arising from physics and chemistry (6.4), (6.5),
(6.6), (6.7).

Others have been invented to attack non-linear problems met in
orbital theory or electric circuit theory (see Van der Pol’s equation,
ete., 6.5}, Non-linear problems are so difficult that much attention
has been paid to those few equations which possess an exact solution,
even where that involves an advanced field of analysis such as that of
elliptic functions. From a full analysis of such & solution insight can be
gained as to the type of singularities to be expeoted.

M
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In this chapter the methods at our disposal are described under the
following heads:

Graphical methods (6.2)

Taylor series expansions (6.3}

Iteration (6.4)

Perturbation (8.5)

Variational formulation (6.7)

Construction of integral equations (6.8)
Approximation by difference equations {6.9)
Use of analogue machines (6.9)

Fia. 6.1.

6.2. Graphical methods
Consider the differential equation
x' = f(s, z), (6.2.1)

with 2(sp) = %9. The most naive method of solution would be to
calculate ' at go from (1) and draw s short segment from the point
Po(so, 20), with slope 2’(sy) = tan Yo, whose projection on the s-axis
is of length ag. The end-point will be at Pi(8o+ ao, o + cto tan ¥g).
Using (1) again we can calculate & slope at P; and draw a second seg-
ment P; Py with this slope.

Proceeding in this way we draw a line (Fig. 6.1} which we regard
as a first approximation to the solution. It is a very poor approximation
since the slope always refers to the one end-point, so that the line
continually veers across the family of true solutions. It is clear that
we should attempt to find points such as P,’, Py’ all on the member of
the family that passes through Py. This suggests that instead of the
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slope at Py we should take the slope at say so* = sp+aq,
0¥ = ap +dap tan g (where zo* is calculated from the previous
approximation) (see Fig. 6.2). This would bring the new point P*
closer to the true solution P,’, and we ought then to seek an iterative
procedure to improve the approximation further. This idea is the
basis of several numerical methods, and goes back to Euler.

Method of isoclines

If in the equation z' = f(s, x) we give a fixed value to &/, say m;,
we obtain the curve I'y,

fls, 2} = my, (6.2.2)

on which lie all points where solutions have slope m;. In particular,

J(s,x) = 0 passes through all peints where solutions have tangents
parallel to the s-axis. Again

of of
L —C Y = 0
N as +f6:c

passes through all points of inflexion of solutions. We can use these
ideas ag illustrated in the following example :

Ezample. To solve
& . (6.2.3)
ds

Loci of equal slope are
sx =1+e¢;



168 ORDINARY DIFFERENTIAL EQUATIONS

these are the rectangular hyperbolae shown by broken lines for
¢c= -5 —4 -3 -2, -1,0,1, 2, 3. Since

dz :1:+.sad':c z+8{ 1)

— = — = sz—1),

ds? ds

the locus of inflexions is

z+s(sr—1) = 0,
. 8
i.e.

T les?
this is shown by the heavy broken line in Fig. 6.3.

N

\
1
)
\
1
]

[}

|

)

!

|

dz
Fia. 6.3. Solutions of s

= sx—1 by the method of isoclines (continuous
lines).
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Part of the family of solutions is shown. It has been constructed so
that each curve of the family has the correct slope at each point of inter-
section with the hyperbolae ¢ = —5, —4,.. ., 2, 3, and has a point of
inflexion on the broken line, if it meets that line.

This method may be extended to other types of equation.

If

2" = fla', ), (6.2.4)
8 being absent, the substitution
, , d dv
d=v2"=—v=9—,
ds dx
gives
dv 1:
ax-' = ;f(?), .1!.')

The form of the family of solutions of this equation can be found by the
isocline method, giving » = v(x, ¢). The value of ¢ will be fixed by the

initial conditions. Then by integration of

&_,
5=
we obtain
s = f = (6.2.5)
v(zx, ¢)

again fixing the constant of integration by the initial conditions.

Ezxample. Integrate
2z" —z't—zx = 0, with (0) = 0, 2’(0) = 1.

We put 2" = v, so that
dv
29 ——92—x = 0.
dx

If we now write ¥2 = w we get the linear equation

dw
——w =, w =1whenz = 0.

dz
This may be solved by use of the integrating factor e~ to give

z
w—1 = e? | fe—td¢
0

=e¥t=]-=2.
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Hence
dx
= + Tz _
- = V(e —a)
and
z
8 —

du
=t |—",
f«/(eu—u)
0

which must be evaluated numerically. Fig. 6.4 shows how we may
derive the form of z(s) graphically.

] o x |
_ dx
s(x)= 0("—,‘_ o x(s)

] 2 4 3 1 2 5
(c) {d)
Fig. 8.4. Graphical illustration of the process of finding a(s) from

da

— — ¢,

ds (e*—2)

(8) y1 = e*—= is obtained from values of e* and =.

(b} y2 = (e*—z) -t is next computed.

{¢) #(z) is now obtained by numerical integration.

{d) ®{s) is the function inverse to s(z} and is found by exchanging

8X08,
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Method of curvatures
Consider the equation, in which 2 is independent variable, T

¥ =fle, 4. 9), yixo) = yo, ¥'{xo) = %o (6.2.6)
Put ¥ = tan y, where y is angle between tangent and z-axis. Then
. _ d dyr ds

Y =d—x tan ¥ =scczwa?.dz

But ds/dy = p, radius of curvature, and dz/ds = cos , so that

secd w.l = f(wx, y, tan ),
P

or

_ secs
Flz, y1 tan §)’

(6.2.7)

Fia. 8.5, Usse of osculating circle in constructing solution of y* = f(=, ¥, ¥').

Since the initial values of ¥ and ¥ = tan ¥ are known, we can use
formula (7) to compute the initial radius of curvature py at Pg, and
draw the osculating circle there. Note that if p = ds/dy is positive the
tangent is turning counterclockwise and the centre of curvature is on
the left of the curve as described with increasing s. Figure 6.5 shows the
centre Co of the osculating circle, and an arc of the circle passing

tWe now use z, y as independent and dependent variables so as to obtain familiar
formulae for curvature, ete.
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through Po. Cp is the point (ap, fg), where «g = 29— po 8in Yy,
Bo = Yo+ po cos Yg, and the circle has as its equation

(x —a0)? + (¥ — fo}? = po®.

Taking an interval 2 of the abscissa z in computing the integral
curve, we next find the point P, (21, 1) on the osculating circle,
where 21 = zp+% and

y1 = fo+{po®—(x1—a0)?}3,

the sign being chosen according to the direction of turning of the
tangent—negative if y” is positive and positive if " is negative. In
effect, we have used the arc of the osculating circle between xg and x;
in place of the true arc of the integral eurve. We now have a second
point P; and a corresponding slope tan s, given by the direction of
the tangent to the osculating circle,

X —dp
y1-Bo
The routine of calculation can now be repeated to give a third point

Ps, and so on.
Ezxample. To find the solution, between z = 0 and z = 1, of

tan ) =

Yy = 2%+y, (6.2.8)

with initial conditions (0) = 1, ¥'(0) = 0.

Let us take an interval 0-2 of z. Using the given initial conditions
we have

y”(o) =1, po=1 o =0, ﬁﬂ = 2,
and so when
x=a =02 g = 2-{12—-(0-2)24 &= 1-020
and
tanyy = —(x1~0)/(y1—2) = 0-204.

Computing as explained above we obtain the values of y. (to three
decimal places) shown in the following table. Since this equation is in
fact capable of exact solution by the methods of Chapter 3, giving

y = 3 coshz—22-2,

we list for comparison the corresponding accurate values y;. The
table gives an idea of the accuracy of the method of curvatures in a
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particular example, and Fig. 6.6 shows how the error increases as the
curve steepens and the arc-length corresponding to % increases. A
discussion of the magnitude of the errors in this method is given by
H. T. Davis in Infroduction to Non-linear Differential and Integral
Equations,® Ch. 9.

z Ye Ye
0-0 1-000 1-000
0-2 1-020 1-020
-4 1-084 1-083
0-6 1-201 1-195
0-8 1-384 1.371
1-0 1-667 1-629

14}
12|
1 i 1
& 02 04 06 o8 '
Fta. 6.6, Solutions of y” = 22+y.
Ya: accurate solution
Ye: computed solution by method of curvatures.
The phase plane
Given the pair of equations
dz
- = X(z! y}’
dd
dy
i Y(z,y), (6.2.9)

with € = %9, ¥ = yo when ¢ = 0, we can seek the solution of

dy _ Yz y)

(6.2.10)
dz X(z,9)
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which passes through (zo, o) : if this is ¥ = y*(2), then integrating the
first of (9) we get

T

;= J‘L (6.2.11)
X(z, y*(@)

Zp

When integrated this gives ¢ as a function of z, and in principle we
may invert to get x = x(f). Again writing the solution of (10) as
% = z*(y) we get from the second of (9)

4

. J’ __dy
Y (2*(y), y)’

Yo

Integrating and inverting we obtain y = y{f).

The parametric representation {x(#), ¥(¢)} refers to the curve which
satisfies (10) and passes through (zg, o) where ¢ = 0, The (z, ¥) plane is
called the phase plarne and the curve a phase trajectory. If this curve
is closed and z(T) = xo, ¥(T') = yo then the solution i periodic with
period 7',

If the curve is not closed it may approach a limiting curve as# - oo :
the solution is then oscillating but not periodic. Detailed examination
of the family of phase trajectories will lead to qualitative understanding
of the behaviour of solutions. For discussion of the method of phase
trajectories see

Davis, H. T., Iniroduction to Non-linear Differential and Integral
Equations,! Chs. 10, 11,

Example, To solve & = x(l—y), ¥ =ylx—1), with 2(0) =0,
y(0) = 0.
Here the phase trajectories are given by

dy _ _ylz—1) (6.2.12)

dz  wly-1)

There are two points where the slope is not defined, namely (0, 0} and
(1, 1). Such points are called singular points. We examine the tra-
jectories in the neighbourhoods of these points.
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(a) The neighbourhood of (0, 0)
Near (0, 0)
dy g

dx x

approximately, i.e. xy = constant, approximately. The trajectories
are almost branches of rectangular hyperbolas, and motion started
near (0, 0) moves away and does not return. Thus the motion near
(0, 0) is unstable,

m=m

Fr1a. 6.7. Phase trajectories of Z = —2(y~1), y = y(x—1). m denotes slope
used in isocline method. Near (1, 1} motion is stable, near (0, 0) unstable.

(b) The neighbourhood of (1, 1)
Near (1, 1) we put * = 1+¢&, ¥y = 145, where £, n are small. Then
dn g

d¢ n
spproximately, and &2+ 52 = constant, approximately, Thus the
trajectories are approximately circles and the motion is stable if
started near (1, 1).

It may be objected that although a motion with a circle as trajectory
is not only stable but periodic, we have not proved that the exact
motion governed by (12) is so. However, if we draw the trajectories
by the method of isoclines (see Fig. 6.7) we note that there is exact
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symmetry about the axis y = 2. Thus any half-loop on one’side of the
axis has a matching half-loop on the other side, and the loops close
exactly. Moreover & and 7 are non-zero except at the singular points,
80 that a loop around (1, 1) is described in a finite time. The motion
then repeats itself and so is periodic.

This problem is made easy by the symmetry, and in fact the dif-
ferential equation of the phase trajectories can be integrated to give

xy = deldty),
where A is a constant. In general such simplification does not oceur, and

the question of periodicity must be investigated by methods beyond the
scope of this book. (See Davis, H. T., loc. cit.! Ch. 11.)

6.3. 'Taylor series expansions
We showed in Section 6.1 that the general problem may be reduced
to integration of & system of equations of the type

d
=& = f11(8, %o, 21, - - . Ta-1), (6.3.1)
ds
where values of xg, 21, . . ., 24— are given at s = 0. Consider first the
simplest equation of this type
' = fls,x), with x(0) given. (6.3.2)

We see that 2'(0) is given by (2).
Differentiating (2) we have
o = fs(g’ g;) +fz(3’ 35)27',

so that we can find z"(0). Proceeding in this way we can find the
values of the first # derivatives at § = 0 provided the function is such
that these exist. Then by Taylor’s theorem we can express x(s) as a
finite power series near s = 0,

2(8) = z(0) +%'(0).8 4+ 3x"(0).82 + % x"(0).83

+... +—1i ()5 4 — i v+ 1(Qg)sn+1 (6.3.9)
n

(n+
where 0 < 8 < 1 (see Jeffreys and Jeffreys® (1.133)).

Under suitable conditions there is some constant S such that suc-
cessive terms of this series will decrease rapidly as long as |a [ < &,
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and xz(s) will be given approximately by a small number of terms for s
in this range.

Example. Consider again

¥ = sx—1, with (0) = 0. (6.3.4)
Then
a" = x+sz2’,
" = 2% +3s2",
alv = 32" 52",
z(® = (n~1)z®-2) 4 gxn-1)
When s = 0,
2 =-1,2"=0,a" = 2,2V = 0,2V = —8,.
and
8
x = —s——s3——gb
3! 5!

is an approximation valid for small .
Similarly in the neighbourhood of some other point g

2(s) = x(s0) +2'(s0)(s —30) + }x"(s0)(8 ~30)2+ . . ., (6.3.5)

and under suitable conditions we can use the first few terms of this series
to obtain an approximate solution of the differential equation valid
near 8 = 8.

This method breaks down if x or any derivative becomes infinite at
s = so. In fact the Taylor series converges only for | s —sg | less than
| 51 —80 |, where 31 is the nearest singularity of the function defined by
the differential equation and initial condition.

Ezample. Given

' = —22 with £ = —}4 when s =0. (6.3.6)
Here

" = —2z2" = 223, z2"(0) = —21(})3,

z" = 6ar’ = —6z4, z(0) = —31{3)4,

otV = —24a82’ = 2425, zV(0) = —41(})3,

* . . . . . . . +

2n) = (— )t lxntl, x(ﬂ)(ﬂ} = _n[(é]nﬂ,
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so that near s = 0

3 o2 4 o8 5 od n+l on
x=_£_1.8_2.(1) 3__3;(1) 8__4;(1) .i_...-n:(l) s
2 22 2/ 21 2/ 31 2 4! 2 n!

1 § s§2 38 gt sn
= 1ot —F =+ ...+ — + ...

2 2 22 23 24 2n
1
=--l , provided lmi < 1,
921 —(s/2)
_ 1
T2’

as could have been found by separation of variables. Thus the Taylor
series converges to the exact solution within the range |s| < 2. We
see that the function 1/(s —2) has an infinity at s = 2, and it is this
singularity that bounds the region of application of the Taylor series.

We can modify this method to give a solution valid for large values
of s.

In
&' = f(s, x)
we write 8 = 1/¢ so that
B,
d¢ ds dé( &

Then

We now seek a Taylor approximation for z(¢} valid near £ = 0: this
can be transformed back into an approximation z(s) valid near ¢ = co.

Simullaneous equations

If we have x‘ = X(s, 2, y), } (6.3.7)
Yy = Y(s, X, y),
then 2" = Xg+ Xp2' + Xyy',

Y =Y+ Y2+ Yy,
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and if at s = sp  and y are given we can evaluate '(sp), ¥'(so), 2"(s0),
y"(s0) and 80 on. Thus the Taylor series

z = x(80)+(s—so)x'(80)+51—| (s —80)2x"(s0) + . . .,

) (6.3.8)
¥ = y{s0) + (s —s0)y (s0) +20 {s—s0)%"(s0) + . . .,

can be constructed and an approximate solution obtained, provided all
the derivatives of x and y with respect to s exist at sp. Similarly we can
extend our method to the general set of simultaneous first order
equations and hence to the general differential equation of order n.
The conditions of application will correspond to those stated in the
above examples, and the bounds of the region of validity will be
determined by the singularities of the functions sought.

The usefulness of this method depends on the ease with which suc-
cessive derivatives can be evaluated, and on the rapidity of conver-
gence of the series derived.

The method has been extended by H. T. Davis to become a useful
tool for numerical solution, under the name ‘“‘continuous analytic
continuation’ (loc. ¢i¢.1 Ch, 9). Other numerical methods, for instance
the Adams-Bashford method, are based on the Taylor series.

6.4. Iteration

The method of iteration is one of approximation by successive
application of a given operation. We first demonstrate in an example :

' = sx—1, with (0) = 0. (6.4.1)

The equation is equivalent to

z = | (sx—1)ds. (6.4.2)

O!.—-,‘h

1st approxz. Put £ = 0 in the integral. (This is the value of = at the
end-point 8 = 0.) We get

2nd approx. Put x = x1 = —s in the integral.

2y = [(—82—1)ds = —}s8—3g,

O ey
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3rd approx. Put x = 23 = —s—1s3% in the integral.

8
g = [(—s2—§st—1)ds = —5— 43~
0

This approximation is the same as that obtained by Taylor’s series in
Section 6.3.

This is a simple example of Picard’s method, which can be applied
very generally, Consider now

? = f(s,2), with x(s0) = xo. (6.4.3)
8
The equation is equivalent to

x—xg = ;f(s, x)ds. (6.4.4)

LD

No great advance has been made, for the integral contains the
unknown function z(s). We have exchanged the differential equation
for an integral equation. The latter does however incorporate the
initial condition, and this makes it superior to the differential equation
for some purposes.

Our first approximation is obtained by using the initial value xo
for z(s) in the integral. Then

1
1’.1(8) = Zg+ jf(s, xo)ds.
%o

The second approximation uses z1(s) within the integral :

]
z2(8) = zg+ | f(s, z1)ds.
%

Proceeding thus, we obtain the »nth approximation

a(s) = 2o+ §fls, xa-1)ds.
L]

Have we any guarantee that each step improves the approximation ?
Picard’s theorem states that convergence of the sequence {#4(3)} to &
unique solution of the differential equation with boundary conditions
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is ensured provided the function f(s, 2) s continuous and bounded in
the appropriate region of the (s, ) plane and provided

| f(s, Za)=fls, 2p) | < K | 2a—ap |

where (s, zq), (3, *p) are any two points on the same ordinate in that
region, and K is a positive constant.

The method of iteration can be used to find approximate solutions
of systems of differential equations. For instance, the equations :

((li_x = F(x, y, 8) with 2(0) = o,
§ (6.4.5)
d
di/ = G(z, ¥, 9) #(0) = yo,
S
are equivalent to
8
xr+1 = xo + JF(xrs ?}r, 8}d81
0
(6.4.6)

&
?/r+1 = yo + IG(xf: ?fr: 8)d3.
1}

Eaample. To solve

dz = a2 +y2, 2(0) =1,
ds
d
i =r+y, y(0) = 0.
ds
Then
5
Zyy1 = 1+ j(ﬂ?rz'f'yrz)d&',
0
]
Yrer = J(xr +yy)ds.
0
We obtain xo =1, yo = 0,
1 = l+s, Y1 =8,
o = l+(s+82+383), o = §5+52,
Xy = ..., Y3 = ...

For small values of s the convergence will be fast.
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6.5. Perturbation

If we know the exact solution to a certain problem, we can use this
to find an approximate solution to another problem in which either the
differential equation or the boundary conditions have been slightly
altered—i.e, perturbed. The method of perturbations is illustrated in
the following examples :

Ezample 1. To solve
2" +{n? +gf(8)lx = 0, (0) = xq, 2'(0} = uo, {8.5.1)
where # is constant, f{s) is a given function, and e is a small constant.
We can write this as
2" +n¥ = — ef(8)z(s).
The integral is found as in Section 3.2 (p. 63), but retaining the
unknown function z(s). Thus

(D2 +m2)e = — gfx,
(D+n)(D—in)r = — efz.
Put
(D-m)m =Y
so that

Yo = H(0) = ug—inzo,
(D+in)y = — gfx.
Hence (as in Seetion 3.2)

8
yeins —yo = — ¢ | flo)x(a)einedo.
0

Then 8
(D ~injx = e~#8%{up —inxo — ¢ | f(o)z(o)etmeda}.
S0

Similarly

8
(D +in)x = etns{ug +inze— e [ flo)x(o)e~t7eda},
&p
and by subtraction

1
z(8) = —{up sin ns +nxy cos ns
n

—¢ [ f(o)x(o) sinn(s—o)do}.  (8.5.2)

%o
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The first approximation «xi1(s} is found by substituting zg for z(s¢)
in the integral. Then z;(¢) is substituted for x(¢) in the integral to
give za(s), and so on. We obtain a power series in &.

Ezxample 2. Second method.
If we omit the term gf(s) we find the solution

1
X(8) = =g cog ns+— ug sin ns. (8.5.3)
7

Let us seek a solution # = X + eh{s) to the modified equation. Sub-
stituting this expression into the differential equation we get

X"+ eh" +(n? + f X + eh) = 0, with 2(0) = 0, '(0) = 0,
ie.
eh” + ef X +n2eh + £2fh = 0,
ie.
R*+n2h = ~fX — sfh.

We omit &fA and get an approximation
L4
1
hix) = ——jf(a‘)X(cr) sin n(s —a)do. (6.5.4)
n
0

The approximation X + ¢k differs by a term in &2 from our previous
approximate solution (2). We could now proceed to find a further
approximation
X + ch(s) + e2k(s).
Example 3. Bessel’s equation of order zero: to find approximate
solutions for large s. Given Bessel’s equation with v=0, we can show
that it is equivalent to

d/{ d«
—(s —) +s8x =0, (6.5.5)
ds

ds

We have first to transform the equation (5) into such a form that the
effect of taking s large can be more easily examined. Let us start by
reducing the first term to a simple second derivative.

We write

x = sy,

dx .
so that 8§ — = sy’ sty
ds
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and
d{ dx
—ls==2) = st{gy" +1s-2y).
da(s ds) siy" +1s7%)
Thus the differential equation is transformed to

i 1
¥+ 1+4—$2 y=0, (6.5.6)

and our first approximation, obtained by neglecting the small term
{1/4s%)y, is

¥ = A cos s+Bsin s, (6.5.7)
where A and B are constants.

Al BI
Second approximation : let y = (A +—) COo8 8 + (B +—-) sin s,
8 8

where A’ and B’ are constants, giving

¥ —(A+i) sins+(B+£) cos s
8 8

14 Br .
_TSE CO8 3—;; 81n s,
and
A’ B
y' = - (A +—) cos § — (B+-—) sin s
8 8
247 . 2B’
+——8IN8———COB 8
82 82
24’ 28’
+--~—¢08 8§ +—— BIn 8
83
Thus

A\ 2B 24’ 1 A’
- S22 =) {4+=
el =(45) 55 (o) (0]

B\ 24’ 2B 1 B
insd—{B+—)+=—+2 4 [1+—}{B+=])} =0
oo () 25204 (1 5) (247

for all 5 in a certain range. The terms without s and the coefficients
of 1/s vanish. Equating to zero the coefficients of 1/s2 we have

_9B'+34 =0,
244.’ +iB = 0,
and this equation is satisfied to order 1/s2.
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Hence the second approximation for ¥ is
1 1
Al cos s +—sin 8) +B(sins——cos s), 6.5.8
(cos042 z (6.55)

and z is s~} times this,

Ezample 4. Van der Pol’s equation. Van der Pol’s equation describes
the self-oscillation of grid potential in a thermionic valve circuit. After
simplification the non-linear differential equation to be solved for
z(t) is

&—&(l —a2)i +ax = 0, (6.5.9)

where ¢ is small and positive and « is positive. ¢ is to be chosen so that
the solution is periodic. The term ~ &(1 —«2)% arises from the expression
of anode current as a cubic funetion of the grid potential.

We take as initial conditions z(0) = 0, £(0) = up, and seek a solution
in series of ascending powers of &. If we put ¢ = 0 we get

& +ax = 0, (6.5.10)
with solution
e
xo{t) = — s8in +/{a)t. (6.5.11)
Ve

This is the first approximation to our solution, and we wish to refine it,
Since we are interested in sustained self-oscillation we seek a periodic
solution. We take

x(t) = zo(t) + exy () + 2x2(t) + . . .,} (6.5.12)
a = ap+earL+e2as+ ...,
and substitute these series into the differential equation (9), obtaining
Bo+sbr1+e2%a+ ... —e(Bo+ et + e+ .. M1 —(zot+er1 + .. .)%
+(ao+ car +e2aa+ .. Hzxo+exy + &2+ ...} = 0. (6.5.13)

This equation will be satisfied, to order &2, for all ¢, if we arrange that
the coefficients of &9, ¢! and £2 vanish. We obtain

Fo +apxe = 0, (6.5.14)
£1+apx1 = —a1xo +Zo(l —x20?), {6.5.15)
#y +aprs = —agrg—a1x1 —2ze¥exr + (1 —xo?)dy, (6.5.16)
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with the initial conditions

20(0) = 0, 25(0} = ug, #1{0) = 0, Z1(0) = 0, 23(0) = 0, £2(0) = 0.
(6.5.17})

The solution of (14) with the initial conditions on zo(f) is Xo sin ¢,
where = ngf, ng = +/ao, and Xg = ug/ne. This is our approximation
{11) again, except that gq replaces a. Substituting it into (15) we have

#y +apry = —a1Xpsin Y +n0Xo cos Yl — X2 8in2 if)

= —a1Xqsin ¥ +nXo(1 - 32X o2) cos ¥ + }noXo® cos 3.
(6.5.18)

Now since sin ¥ and cos ¢ are solutions of the homogeneous equation
&) +apry = 0, the contributions to the particular integral of (18)
from the terms on the right-hand side of (18) containing siny and
cos ¢ as factors will include terms of type ¢ sin aft and ¢ cos ajt
which are not periodic. In order to exclude these we equate to zero the
coefficients of sin i and cos i on the right-hand side of (18), obtaining
@) = 0 and Xo = 2. Then ng=}uo and ag =nj = }u3. The equation (18)
then becomes

Z1+apx; = 2ngcos 3y, {0} = 0, 21{0) =0 {6.5.19)

with solution

1
21 = — (cos ¥ —cos ). (6.5.20)
4nq

In order to achieve this periodic solution we have chosen a=ao=fu§.

We next proceed to solve the equation (18} for za(f}, using wo(t)
and zi(t) already found. The work is left to the reader (see Exercise
6.6).

6.6. The WKBJ method
In Section 5.3 the equation

x" +p1{t)x’ +pa(t)e = 0 (6.6.1)
was reduced to normal form

dzz
a-gé+r(§)x = 0. (6.6.2)

We now show how to find useful approximate solutions of (2). If r(£)
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were a constant, the equation would be the familiar equation of simple
harmonic or exponential motion with the solution

X

Aceos \/r.E+Bsin vr. & if r >0, (6.6.3)
z=Adexp y/(—r)i+Bexp{-y(~n¢ if r<0, (6.64)

where 4 and B denote arbitrary constants. If r is not constant we may
still expect that in any region of ¢ for which #{¢) varies slowly the
solutions (3) and (4) will in some sense describe the motion, showing it to
be cssentially oscillatory where #(¢) > 0 and exponential where
7(¢) < 0. But the parameter /7 or 4/{ —7)} will vary with £ and so will
the multipliers A and B which determine amplitude.
We now try to refine this rough gualitative statement. Let us write
x = exp (f). (6.6.5)
Then
T, = n,exp 7y,
Loz = (’Hg + ,}.{2) exp 1,
and our equation becomes
Nee + 0,2 +7(E) = 0. (6.6.6)
Writing 5, = {, we obtain
U+ 02478 =0, (6.6.7)

which is of first order but non-linear. We can get a good idea of its
solutions, for given r(¢), by the method of isoclines. But let us proceed
by an iterative method, finding successive solutions of

2= —rd)-{.
We first take r{{) < 0. Neglecting {° we obtain { = ++/(—7).
Choosing the positive sign we get for the derivative

Cf

4

-
2v(-n)
Hence, taking the positive sign again since we are proceeding by
iteration, we find the second approximation
{ ={-r+d'(—r)Ht
= (=)l +4'(—r) i
= (=il +{r'(—n)}

(e (6.6.8)
(=)
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This is ds/dZ. Hence an integral of (6) is
:
7= ~}In{-r)+ [(-rpds,
giving
4
x = (—rytexp {f(—r)tdé} (6.6.9)

If we had carried through the same analysis choosing the negative
sign for { we would have obtained the integral

z = (—r)texp{— f (—r)¥del, {6.6.10)

and hence an approximate general solution of (2) is, for () < 0,

3 N
z = (—7r)Hd exp {J (—7)}dé} +Bexp {— [ (—r)id¢}],
(6.6.11)
where 4 and B are arbitrary constants.
If r(&) > 0 and we follow through a similar argument we get the
general solution

z = (r)~C cos {f r*d&} + D sin {fr*d{}], (8.86.12)

where C' and D are arbitrary constants. The lower limits of the
integrals can obviously be chosen at our convenience.

This method was first explored by Jeffreys, and then used in
problems arising from quantum mechanics by Wenzel, Kramers and
Brillouin. Hence the string of initials by which the method is known.

Example. To find WKBJ approximations for the solution of Bessel’s
equation of order v,

1 v2
z2’+-2'+|1——)z =0, {6.6.13)
8 82

which are valid for large s/v.
We first reduce the differential equation (13) to standard form
(Section 5.3) by means of the substitution = s—ty. We obtain

g+ {1 _L (vz—i)}y = 0. (6.6.14)
82

This is of the form (2), with
r(s) = 1—n12/s2,

where v12 = v2—1}. #(8) is positive when s > v).
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Here
s 8
[rids = § +/(1—v12[s%)ds

=y (\/(82 —v12)fy; —cos™1 %)

and
y = (Lov2s)t {v’ (82—v12)— vy cos~1 H},
CcOS 8
so that

sin
x = (82 —v 2)-1 {\/(32 —v12} —v; cos™1 E} . (6.6.15)
COo8 8

The particular combination of sine and cosine that we choose depends
on whether we wish to represent J,(s), ¥,(s), Hs,(s) or Hz (s).

The approximations {11) and (12} can be satisfactory as long as (&)
is not near zero, but they are certain to fail in the neighbourhood of a
zero of #{(&). Then we proceed as follows. Let the zero be at & = &.
Then ({0} = 0 and near & the Taylor expansion is

(&) = (&= L)' (Ea) +HE = L0 (o) + . .. = (£—La)r* (o).
The differential equation is now replaced by the approximation
Zgg +{&— S0 (Lo)x = 0.
Put (§ — &) = af, « being independent of x and ¢, so that

Then the differential equation is
o~ 2xy +atr’ (Eg)e = 0.

We choose « so that a3r’(f) = ~1 and the differential equation
reduces to Airy’s equation :

e ¥} —tx = 0,

Its solutions are Ai(¢) and Bi(t) [see Section 5.6(a)] where

1
t = . (&—&o) = {—=r'(Ea} (€ —&o).
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These Airy functions, which give valid solutions throughout the
region connecting r > 0 and r < 0, provide the means of following a
solution through the zero of 7(¢). The problem, which arises in sclutions
of Schrédinger’s equation, is fully discussed in

Jeffreys, H., Asympiotic Approximations.2

Heading, J., Phase Integral Methods.3

6.7. Variational methods

If we are faced with a new differential equation of the second order,
and it deviates too far from known differential equations to make a
perturbation useful, we may be able to get an approximate solution
by an entirely new method. This method arises naturally from physical
problems. If we wish to solve a problem of equilibrium of a rigid body
we may either formulate equations of equilibrium or seek the con-
figuration in which the potential energy is a minimum. If we seck the
solution of a problem of equilibrium of an elastic body we may either
set down differential equations of equilibrium with boundary conditions
or find the configuration in which the sum of potential energy in the force
field and potential energy of strain is minimized. Again, Hamilton’s
principle replaces the solution of Lagrangian equations of motion of a
dynamical system by minimization of the action integral. Let us look
for a method of constructing a function whose stationary values occur
when a given differential equation is satisfied.

Here, in order to link up with the usual notation of the calculus of
variations, we take z as independent variable and y as dependent
variable. Let us deal with the second order differential equation (which
is the one which commonly ariges, as from the Schrédinger or diffusion
equation) ;

%{3’{3«') :—z} —g¢{zx)y~r(x) =0 in (29, 1), (6.7.1)

with the jury conditions

y{xe) = yo, ylz1) = y1. (6.7.2)

Let y*(z) be the function, represented by the curve I', that satisfies the
differential equation (1) and the boundary conditions (2). Let
¥ = y*(x}+Jy(x) be another function that satisfies the same end
conditions but not the differential equation, and differs from y* by the
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arbitrary variation dy(x). Sy(x) may be any small continuous function
of # for which

oy(xe) = 0, dy(x;) = 0. (6.7.3)
Then

J [% {p () gd; 5”'} —ql)y* —r(x)] sydz = 0
%o

for arbitrary 8y, since y* is a solution of (1) throughout the range of
integration. Thus, integrating by parts,

zy

d * z d . i
[{p(x) 127 }&/Lﬂ - f {p(x) w7 }dx Sydx
- J‘{Q(x)y"‘ +r(x)}oyde = 0. (6.7.4)

o

The integrated part vanishes, by (3). Next consider {d/dx)dy. This is
the slope of the variation 8y and is

. 1
lf'o + [yl + Ax) - dy(=)}

The quantity d(dy/dz), on the other hand, is the variation in the slope,
and is

I
5

[KI; {ylx + Ax) —y(x)} —ﬁ {y*(z + Az) —y*(x)}]

Ax-D

1
him | —{dy(z+ Ax)—5 ]
Jim. [ A 0yl + Ax) — by (=)}
These two quantities are therefore equal as long as all these limits
exigt and are finite,. We may write (4) as

1 d d
J[ {P(x) dz y*} ™ Sy +{qlz)y* +r(x)}5y]d:c = 0.
= (6.7.5)
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Now

0(y?) = (y* +oy)? —y*? = 2y*dy +(dy)?
and

0 4 d 2 L4 ’ d d 2
My'?) = \y¥+ - dy) (™) = 2% —oy+{ ),
dx dx dz

so that (5), on being multiplied by 2, becomes

k4

J'[p(x) {éty'zl - (;—z 53/) 2} +qx{o(y?) — (69)%} +2r(z)6y]dx =0,
and :i:me neither  nor p(), ¢(x), r(x) are varied
o z{p(x)y'z +q(x)y? + 2r(2)y}dx
= T{p(x) (E 53;) : +q(x)(6y)2} dz
dz

zy

dy\ 2
. j{?(x) (5 —) +q(:c)(§y}2} dz. (6.7.6)
dx
Thuas if
I = f{ple)y'? +q@)y? + 2r(z)y}dx, (6.7.7)

Lo

41 is a function containing integrals of (éy)2 and (é(dy/dx))? : in other
words I changes a quantity of second order when a first order change
is made from y*. I(y*) is therefore stationary with regard to such
variations. [f(x) is stationary at zp if flxo + Ax) differs from f(zo) by
& quantity of second order in Az. At such a point the Taylor expansion
is f(xo) + 3{Ax)2f"(z0) + . . . and f(z) has & horizontal tangent.] This
analysis has been built on the assumption that y* is a solution of the
differential equation. The satisfying of the differential equation by y*
is thus a sufficient condition for the integral I to have a stationary
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value. The argument is reversible, and we can prove that the satisfying
of the differential equation is necessary for a stationary value of I,
This equivalence means that if we find ¥* that makes / stationary,
the end points not being varied, this y* is a solution of the differential
equations with its end conditions. We see that if p(x} and ¢(z) are both
positive throughout the range (xg, 1) the right-hand side of (6) is
positive. Thus the value of 7 when y* is inserted is not only stationary
but is in fact a minimum.

So far we have worked in terms of y*, which is the unknown solution
of the problem. But the choice of y* to make I stationary is no easier
and may be harder than the choice of y* to satisfy the differential
equation. However, the finding of an approximation to y* is easier.
For let ¢¢,7 = 1,2, ..., =, be a set of specific functions satisfying the
end conditions (but not the differential equation). We form

y =¥ A, (6.7.8)

where 4; are adjustable parameters. Inserting this ¥ into I we obtain
an integral in which the parameters A; occur in second degree, co-
efficients being integrals of given functions (products of ¢; and their
derivatives). In principle the integrals can be evaluated and we are left
with I expressed as a quadratic function of the A;. It is a straight-
forward matter to find the sets of values Ay of A4; that make 7
stationary. These are the solutions of

A )

04,
There are n simultaneous linear equations in A, Solving and sub-
stituting in (7) we obtain the function which is the best linear com-
bination of the ¢;. This solution may not give a true minimum of 7,
but it gives the smallest 7 that can be obtained using the set ¢;. In other
words Z Ay will not in general be a solution of the differential
equation, but it will be as near as we can get using the functions ¢;.

Example. Legendre’s equation,
d
a{(1 -2yt +il+ly =0, y(—1) =1y} =1
To illustrate the method, we take I = 2 and find the best fitting

quadratic
Yy = a+bx+ca?,
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This has to satisfy boundary conditions

a+b+c =1,

a—~b+4ec =1,

sothatb = 0,a = 1—¢, and y=1—c+cx2.
Thus (7) becomes, with p=1-22, g=—8, r=0,

1
I = [[(1—2?)(2cx)2 —6{(1 —¢) +cx?}2]dw
-1

and we select ¢ 8o that this is stationary.
I = 4¢2(3 —2) ~8{(1 —2c +¢2).2 +2¢(1 —¢). % +¢2. 4}

18 c2-68(2 —5c +18c2)

i

—18¢2 4 16c —12.

Then

Q'I'=—'§32'0+16=0 if c = §, a = —3%.
dc

The required function is }(32% —1). [This is the exact answer, since
the required solution is in fact a quadratic function of 2. For I = 4
we can find exactly the quartic in 2 that satisfies the equation, and s
on for even I. But in most cases the method will give an approximate
golution.)

6.8. Integral equations
We have already seen that the equation

dy
dx = f(x’ y)!
with the initial condition y{z¢) = o, is equivalent to the equation

x
y=y0 = | [z, y)d=,

Zg

where y is an unknown function of 2. This is an integral equation
In some cases the integral equation can be solved exactly; in others i
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can be solved approximately by iterative methods, of which Picard’s
is an example. Again
d2y
— = g(,
da? 9l 9)
can be written
d2y

1
—4n?y = n2<y +— g),
da2 n?

with corresponding integral equation :

z

y = A cos nx + B sin nx +nJ I:y(é) +7% g{¢, ?/(5)}] sin n(& —z)d¢.
0

We can seek an approximate solution of this equation by iterative
methods, and 4 and B can be chosen to fit the boundary conditions.

See Levy, H. and Baggott, E. A., Numerical Solutions of Differential
Equations,* Section 17.2.

6.9. Other methods
Numerical solution of ordinary differential equations is dealt with in

Jeffreys, H. and Jeffreys, B. S., Methods of Mathematical Physics.5

Levy, H. and Baggott, E. A., Numerical Solutions of Differential
Equations.*

Noble, B., Numerical Methods,® Vol. 2,

The usual procedures are developments of the methods of approxi-
mate solution of Picard and Euler. A different attack, depending
on replacement of the differential equation by a set of difference
equations which are then solved by successive relaxation, is given by

Southwell, R., Relaxation Methods,7 Sect. 209.
Allen, D. N. de G., Relaxalion Methods in Engineering and Science,8
Ch. 4.

The reader should not overlook the possibility of finding an analogue
f his problem. For instance, a non-linear equation arising in his work
nay be such that a suitably designed system of electric or electronic
drcuits will be described by the same equation. By constructing
his system he may be able to produce on an oscilloscope a graph of the
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golution he is seeking, and then to explore the effect of varying different
parameters,

This relationship has been exploited in the design and use of analogue
computers on which differential equations of considerable complexity
can be set up and solutions displayed or digitized and printed out.
Information about such computers can be found in specialist journals,
. such as the publications of the Institute of Electrical and Electronics
Engineers. Resort to an analogue or digital computer is almost essential
when a non-linear differential equation is to be solved.
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Exercises

6.1, Use the method of isoclines to find the general form of the integral curves
of dz/ds = 82 —=z2.

6.2. Given z” = 1+22, x(0) = 1, z'(0) = 0, compute z(1) by the method of
curvatures. (Take steps of 0-2 in s in computation.)

6.3. Solve Exercise 6.2 by Picard’s method of iteration,

6.4. Writing Van der Pol’s equation as
&=y
¥ = g(l—=a?)y—ax,
show that in the phase plane there is only one finite singular point, namely the
origin.

[In Section 6.5 we found that there can exist a periedic solution corresponding
to a particular relation between the initial conditions. In the phase plane this
gives & unique closed trajectory to which all other trajectories are asymptotic
(see Davis, loc. cit.! Ch. 12).]

6.5. Given a"—(h%jo+h1+ Y2)x = 0, where A is a large parameter, and
o, ¥1, 2 are given functions of s, assume that there is a solution of the form

1 1
v = ¢P"”(l+;f1+ﬁfz y )
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where ¢, w, f1, fz are functions of s, and by the method of perturbation obtain
the equations
wlg = ¢'l];
¢’/ = (p1—w"} 2w,
2’ = pa— ¢/,

Henco show that

w = f,};nlds,

¢==¢f“mvf&m¢rm3
and

1= [ oo — 6"/ $)da.

6.6. Complete the solution of Van dor Pol's equation to the second order in

¢ (Seetion 6.5), obtaining
a = (2—29£2/96n92) sin nel + (£/4np)(cos ngt —cos 3 ngt)
+ (£2/16n02)(3 sin 3nel — I sin Snot)
witlh
np? = a—Je?,
6.7. Duffing's equation is tho non-linear differential equation
&+ ox+bxd = feos wi,

where the torm b3 is always small. Let x = 4 cos ! be the steady solution

when & = 0. Putting x = 4 cos ot +ba1(t) into the cquation, show that an
approximate solution is

3
T = A(l+§

b
- cod 3w,

A%
e K wt+}
where
A{a— w?) + 3§43 = f.
6.8. Show that the WKBJ method gives the exact solution when
r(§) = (A£+B)-4,
where 4 and B are any constants,

6.9. Show that approximato solutions of Airy’s equation
" —sx =0
valid for large positive s are at oxp ( + %sd), and approximate solutions valid for
large negative ¢ are
sin
—g)-t + 4{—g)i},
(—a)t {3(—al)

{Compare {5.6.4) and (5.6.5).)

6.10, Show that approximate solutions of Schrédinger’s equation for the
harmonic oscillator
2’4+ (2n+1—35%2 = 0,
valid when 2n+ 1 — 22 is large and positive, are
sin 8
= (2n+1-—g2)-i 27 +1—g2 2n+1)sin~1———3 .
z = (2n+1-—3%) cos ‘J_:s-\/(n+ 823+ 3(2n+1) sin \/{2n+1)]






HINTS AND ANSWERS TO EXERCISES

Ch.1, p. 28

1.1. Let v be concentration of vapowr. Diffusion upwards takes place at rate
proportional to local concentration gradient. Measuring 2 upwards from liquid
surface, d2v/dx? = 0. At liquid level v = »; (saturation). At top defde = 0.

1.3. See C. A. Coulson, Electricity (Oliver & Boyd), Sect. 95.
Assuming {a) negligible resistance in wire and hattery,

(b) €, R and L constants,

(e) Ohm's law,

{d) Law of eclectromagnetic induction,

we obtain, for current. 1,

Ldefjde2 + R dIjdt+ /0 = dE/de.

1.4. See H. Lambh, Statics (Camhridge University Presa), Seet. 146,
(a)y =0
(b) ¥’ = 0 (for end clamped horizontally)
(e} ¥ = 0 {zero torque).

1.5. Take @1, xz, 23 to be amounts of A, B, C at time ¢, &, docay constant for
A--»B, ka reaction rate for B and C. We may take #1 = Xy, a2 = X, 23 = X3
at i = 0.

1.6. See Coulson (loc. eit.), Sect. 62.
dimv1)/dt = qE 1+ gv2FH 3 -vsHy)/e

and two similar cquations.

Ch. 2, p. 47

2.1. We obtain [A]: = [A]i1.0%2, which is the required linear relation, since
% and o are fixed.

2.2, {col=%~c12)}(l - o) = kt.
Measure ¢ as a function of ¢ and estimate m = —de/d¢. Since m = ke®, log m
= « log ¢+log k, 8o that « is the slope of the graph of log m against log e.
2.3. Separate variablea and obtain solution
[Alot 1M ftn — 1)~ [AJDf(n—1) = —kaL.
Put [A] = 4[Ale when ¢ = r; to obtain given half.life.

199
o+
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2.4. BeeI’. G. Ashmore, Catalysis and Inhibition of Chemical Reactions (Butter-
worth), p. 62.
(a) dzjdt = 2ki{a—=)2+dkala—2x)8,
with solution

a—-x

1
2kt = L—-A ln(—+A), A = 2ka/ka,

(b) dzfdt = 2k;{a—=x){b—2)+ dka(a—x){b—2)2,

with solution

2kyt = ! ln(a-:::)—cl In{b —2z) —

i In{l + b — )},

A
1-)e
where ¢ = a—b.

This reduces to the solution of {a} when ¢ = 0.

25, If k1> %/, {3.1) reduces to defdt = —k e and (3.4) to —kit = In(c/eg)
approximately.

2.6. See Ashmore (loe. ¢it.), p. 34.
2.10. At time f let [A] = [Alo—=2, [B] = [B]l¢+a. Then
dzfdt = k([Ale—2}[Ble+2), with solution
[Alo{[Blo +z)/[Blo{[Ala—z) = exp([Alo+ [Blo)kt.

Ch. 3, p. 85
3.1, LAi/dt+RI = Ecos wt; I = Owhent = 0.
Solution :
I = (R cos wt+ wL sin wt—R oxp{—Ri/L)}E/{R2+ w2L?).
Amplitnde: B(RE2+4 o2L2)-H

3.4. Substitution into equation (2.27) gives the answer immediately. The
impulse of mf(f) is mP, and the particle has initial veloeity P.

3.8. From the equation of motion ¥+ Ar = 0 we can prove %} (txr) = 0, so

that the normal to the plane of r, r is fixed. Taking coordinates, we find & =
A cos nt+ B sin nt, y = C cos nt+ D sin nt, 4, B, C, D constants, A = n% The
locus is an ellipse with centre at the origin.

When H ig imposed, the equation of motion ia

F—2yrxk+ar = 0,

where k is a unit veetor perpendicular to the plane of the orbit and 2y = eHme.
Taking coordinates we obtain equations (4.34), and the subsequent analysis
follows that for the Foucault pendulum.
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Ch. 4, p. 114
4.3. (2) See R. V. Churchill, Operativnat Mathematics, New York, Sect. 16.
If f{p) = (p— By M(p), write

r

B{p)/LApy = N(p)ip -3y = X Auf{(p— BT+ H(p),

aud prove Ay = NU-O(B)/(r—g)!

(b) f(p)/L{p) will havo repeated linear factor {p—e) in denominator, and
procedure follows ().

Ch. 5, p. 161

5.1. (a) Multiply by v(s)/sin s. The left-hand side i3 an exact derivativo if
3v eot 8 = dv/ds, giving v = sinds, x = (1 —cos §}/sinds.

{b) Divide through by s(s—1}. Integrating factor is (s— 1)/s.
x = sla2—4)f{s—1).

5.2. Integrating factor: exp | {—at/(1+&} = 1/{1+1),
x = (1+8) {5 f()dr/(1+ 7). When f(t) = 1-¢2, 2 = (1+8)(t—$t2).

5.3. Since the d.o. is real, there must be a second solution
Xo(s) = (st —1) exp(—1s8i),
the complex conjugate of X, {s).

W= —3%
&
2(8) = f 3f(a)lo{{sio’ 4+ ) sin (st — o} — (8} — 0%) coB (8: — ol)}.

5.4. Put & = vJ¢ and show v"+v' (280’ +Jo)sJy = (. Intograting factor:
/ol v = 1/(8/0%). b = }.

5.5. Multiplying by 1/t we obtain

Id {1de
—— - =1 422 = 0.
rde (t dt) A3E~1)w = 0

Put i = s.

5.8. Selutions aro

4 Ugg 4n— 10
x1{8) = ol 1 —282+-4 , ..}, — = ——?
(o) o( i ) et e s

b 5
ay(8) = aosl(l—-a'-!-q--——-s* . 82,

Han 4n-9
4 32 Ty

wgn-2 4n

These series convergo for —1<a<].
5.9. cosh ns and sinh 2 replace cos ns and sin ne throughout.

5.10. See Ref. 7, Ch. 2.
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Ch. 6, p. 196

6.1. Isoclines arc rectangular hyperbolae with asymptotes & = +s. On the
asymptotes the slopes are zero. Inflexions lie on the three-branched curve
82x—5—2% = 0,

6.3. Yor small s, successive approximations are

20 ='1,
x1 = 1482,

)
a
]

1 1
" 1adg2d —gip — ob,
2 +8 +63 -I'-3 S

6.4. Phase trajectories dyfdx = {¢(1 —a?)y —ax}fy, with only singutar point at
& = 0, y = 0. Near this point, for small ¢, y2+ax? = const.

6.8. In WKBJ formula x = r—texp [ iridf¢ write »} = V(§). Show that
satisfies VV” = 2V’2. Integrate twice to obtain ' = (A£+B)-1. With this
V, z is an exact solution of 2" +r(£)x = 0.

6.9. Apply WKBJ method directly.

6.10. Apply WKBJ method with »{s) = 2n + 1 —s2,
In the integral substitute 8 = (2n + 1)! sin 8.
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